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The thermal resistance of a bridged matrix crack in a fiber-reinforced ceramic composite is
analyzed. The problem is cast in terms of a unit cell comprising an infinitely long composite
cylinder with a single matrix crack perpendicular to the fiber axis. At the outset, it is demonstrated
that the thermal resistance of such a crack can be represented by a simple circuit consisting of two
parallel resistors; one resistor represents the thermal resistance of the gaRpivithé the matrix

crack, and the other resistor represents the constriction resistaméehe bridging fiber. The main

focus of the article is on determination Bf and bounds on this resistance are obtained by the use
of variational calculus. The analogy between problems involving steady-state heat flow and
elasticity in multiphase materials is emphasized. The results for the constriction resistance are
compared with the predictions of an approximate analytical model presenfdd bylLu and J. W.
Hutchinson, Philos. Trans. R. Soc. London, Ser334, 595 (1995]. In their model the radial
temperature variation within the matrix is neglected. The domain in which such variations can be
justifiably neglected is found. @001 American Institute of Physic§DOI: 10.1063/1.1354648

I. INTRODUCTION The challenge then is to determine the thermal conductance

One of the main mechanisms by which fiber-reinforcedof a single crack in terms of the pertinent fiber, matrix, and
ceramic composites obtain high toughness is through the dénterface properties. This goal can be accomplished most
velopment of multiple matrix cracks accompanied by the asconveniently through an analysis of a unit cell with periodic
sociated debonding and sliding that occur along the fiberboundary conditions that simulate the conditions obtained in
matrix interface adjacent to each crdckThe resulting the actual composite. This approach is adopted here.
inelastic strain imparts a high toughness to the composite in  This exact problem was analyzed recently by Lu and
essentially the same manner that dislocation plasticity imHutchinson following an approach reminiscent of shear lag
parts high toughness to metallic alloys. However, thesén the context of mechanical loading. For the sake of conve-
cracks are detrimental to other properties of interest in enginience, reference to their work is denoted by the abbreviation
neering design. For instance, they lead to permanent residual H.” In order to obtain closed-form analytical solutions to
strain which compromises dimensional stability. Moreover the governing heat flow equations, L.H. neglected the radial
they impede the flow of heat perpendicular to the crack plangamperature variations within the matrix near the crack
and therefore reduce the average composite con_duc%i‘\ﬁty. plane.(Analogously, the radial variation in the normal ma-
The latter problem is the focus of the present article. iy strain is neglected in the standard shear lag formulation

The specific problem of interest involves an aligned fiberyt the |ongitudinal elastic modulus of the cracked compos-
composite that contains a periodic array of fully bridged masiq ) |, the domain in which these temperature variations can
trix cracks perpendicular to the fiber axis as shown schematbe neglected, their model provides useful results for the re-

Call}é mt.F.'tg' dl- Tthethreductlin .mdt.hf tloggtl)tu?kl}nal thermal ]1ationship between the composite conductivity and the perti-
conductivity due to the cracks is dictated by the spacing of . - <t ot properties.

the cracks and the thermal resistance of each crack. In turn, The L.H. treatment, as well as the analysis given here, is

this thermal _re5|stance_|s controlied by the patte_rn of healt)ased upon the thermal field in a unit cell. The cell, which is
flow along with the pertinent thermal and geometric proper-

ties of the constituent phases. The reduced thermal Condugjscussed in more detail in the next section, has a diameter of
tivity K, can be expressed in .terms 6if the thermal resis- b, which is equal to the distance between fiber centers. The
z

tance, or its inverse the conductaridg, of a single isolated cell length d is equal to the crack spacing. The cell is
crack; (i) the crack spacingt; and (iii) the axial thermal bounded at each end by cracks; the heat flux enters and exits

conductivityk, of the pristine composite. A series resistancelle Cell across these cracks. The disturbance to the flow,
summation yields the relatién caused by the crack-induced constriction, decays approxi-

mately within a distance equal to the diameter. In most com-

i — i 1 (1) posites of practical interest, the crack spaait¥g2b so that
Ky k; dHc there is virtually no thermal interaction between cracks. For
0021-8979/2001/89(8)/4599/13/$18.00 4599 © 2001 American Institute of Physics
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— Fiber

Matrix crack

FIG. 2. Unit cell, with radius containing a fiber of radiug, occupying the
FIG. 1. Aligned fiber composite showing the fiber orientation and the matrixregion 0<z<. The matrix crack has total thickness equal ®ahd is

cracks. The overall heat flow is along the fiber direction. bridged by the fiber. The mirror cell is shown, and, by virtue of symmetry,
the surfacez= — & is isothermal. The gas conductivity kg .

. . . . IIl. UNIT CELL AND BOUNDARY CONDITIONS
this reason, the interactions are neglected in the present ar-

ticle and attention is focused upon a single crack. The effects of a matrix crack upon the axial heat flow in
The main objective of the present article is to developa unidirectional fiber composite are investigated using the
solutions for the thermal resistance of an isolated bridgedinit cell shown in Fig. 2. The cell to be analyzed is the
crack in an aligned fiber composite. The solutions presentedircular cylinder of radiusb, occupying the region €z
here are more rigorous than those of L.H. in the sense that>. The cell contains a fiber of radigsso that the volume
they account for the radial temperature variations in the mafraction of the fiber isf =a?/b?. The matrix crack, which has
trix, and are therefore applicable to a broader range of cora total thickness & is centered at=— 8, and the gas con-
stituent properties. In the first step of the analysis, it is demductivity within the crack is equal tk, . The crack thickness
onstrated that the combined effect of the thermal resistands small in comparison with the cell diameter, ile* 6, and,
of the gas phase within the matrix crack plus the constrictioras shown, the fiber bridges the crack. There is a “mirror”
resistance of the bridging fiber, can be obtained from eell above the crack, and, by virtue of symmetry, the plane
simple parallel resistor model. The essence of the problenz=— ¢ is an isothermal surface.
and the focus of the majority of this article, is the determi-  The temperatures in the fiber and matrix are designated
nation of the constriction resistance. For this purpose, aby U(r,z), V(r,z), respectively, and the thermal conductivi-
approach based on variational calculus is used to obtain ugies of these two phases are design&tedk,,. The heat flow
per and lower bounds on the constriction resistance. Emphds axisymmetric so that bothl andV must satisfy Laplace’s
sis is placed on the analogy between problems involvindieat flow equation

steady-state heat flow and elasticity of multiphase materials. 19/ aU\ 52U
It is noted parenthetically that, in the present article, the  V2U=— —(r—) +—=0, a>r>0, (2a)
key results are cast in terms of the constriction resistance. Fory or 9z
The constriction resistance can be combined with the thermal 19/ aV\ a2V
resistance of the gas phase through the aforementioned par- V2V= T 5( r—-|+5,72=0 b>r>a (2b)

allel resistor model to obtain the average crack conductance
H.. This crack conductancé., in turn, can be combined It is assumed that the flux is related to the temperature gra-
with the crack density to obtain the composite conductivitydient by Fourier's Law.

K,, via Eq.(1), and this conductivity is the property of in- Although this circular cell does not fill space, it is is
terest at the macroscopic scale. In this context, the constri¢easonably close to a hexagonal prism. Since the cell is part
tion resistance is arguably the key fundamental property agf a periodic array, there is no radial fluxrat b, and there-
sociated with fiber bridging. By contrast, L.H. couch their fore it follows that

results in terms of composite conductivity. In the latter form,

the results provide a somewhat less direct measure of the W:O' (3
effect of fiber bridging. Despite this difference in viewpoints,

the connections between Lu and Hutchinson'’s results and thehe cell can be regarded as a “heat pipe” in the sense that
ones presented here can be readily made, as illustrated laténere is no leakage at=Db.
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At r=a the radial flux must be continuous. In contrast, The quantitiesS; and S,,, which contribute no net axial
there is a temperature discontinuity across the interface. Thigow, are
boundary conditions are

Pn(1-f)
K ouU —k oV 4 271
o ~ Ky (43 10
p Sn=—Pm.
kaZh(V_U)a (4b)  The paramete€, which varies between<9C<1, describes

the relative degree of constriction. Whér1, theno,,=0,
whereh is the conductance of the interface between the twar;=P/f, and this corresponds to complete constriction. At
phases. Most of the resistance to the heat exchange betwegre other extreme, whe@=0, theno;=P;, o,=P,,, and
the two phases is due to the interface wiebecomes suf- this corresponds to no constriction. Since the crack conduc-
ficiently small. Moreover, the ratio, of the fiber resistance totance invariably lies in the range>h >0, the parametef
that of the interface, is a dimensionless quantity that is equaissumes some intermediate value.

to the Biot number Evidently, the flux boundary condition i9) is split into
two components. The first term i(®) represents uniform
ah : T
Bif=—. (5)  axial flow, and the second term, containing the paramgter
Ki describes the constriction. Since the problem is linear, it is
Similarly, within the the matrix, the Biot number can be possible to use the method of superposition and write the
defined as temperatures as the sum of these two contributions
b—a)h Pz
g, — 2 © U(r.2)=-aur 2),
Km z

11
When both of these Biot numbers are sufficiently small, the (1

Pz
temperature variation in the radial direction is negligible, and ~ V(r,2)= 1 ~=CUr,2).
the analysis then undergoes a significant simplification. Gen- ‘
erally, however, the Biot numbers are not small enough tdrhe first terms on the right-hand side represent uniform axial
make this assumption and a more rigorous solution is nece#ow while the unknown functiond(r,z) and \(r,z), de-
sary. scribe the constriction effects. These functions must satisfy

The total amount of heat flowing down the heat pipe isLaplace’s Eqs(28) and(2b) along with the boundary condi-

equal toQ so thatP=Q/wb? is the average flux. At dis- tions(3) and(4a and(4b). The flux condition az=0 is
tances from the crack that are large in comparison with the

pipe diameter, the heat flow becomes axial. The fuis f%{ =-5,
split; P; is the flux in the fiber, and,, is the flux in the 9z|
matrix. These fluxes are . (12)
J
Pf:tfP kaoz_Sm.
Z
(7)  ltis easily shown thatra®S;+ 7(b?*—a?)S,,= 0. Using this,
:ka along with adiabatic condition at=b, it follows from heat
ke, flow conservation that
where the average axial conductivity is given by the law a b
of mixtures 37 27kaf L{(r,z)rdr+2wkmf V(r,z)rdr|=0. (13
0 a
K,=Kk¢f+Kkp(1—1). (8)

The portion within the bracketg -] must be constant. At
The matrix crack impedes the axial flow of heat and causes distances> b, bothi/ and) decay to a constant temperature
certain degree of constriction. The constriction is not totalwhich can be taken to be zero. Thus, it follows that the
however, because the conductariceacross the crack is portion within the bracketf - -] is equal to zero at any posi-
generally finite. Near the crack a portion of the heat flow istion along the length.
shunted into the fiber, and to account for this partial constric-
tion a paramete€ is introduced. The flux boundary condi-

tion, imposed upon the cell a&= 0, is written in the form Il DETERMINING THE PARAMETER C

o =kK; = = Pi+CSt, The constriction parametércan be found using the for-
0 mal analogy that exists between steady state heat flow and
(9)  linear elasticity In this analogy, temperature, flux, and ther-
gm:kmE =P,+CSy. mal conductivity play the role of displacement, stress, and
0 elastic stiffness, respectively.
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A. “Energy” associated with constriction which is unbounded als— «, the constriction resistand®.
approaches a finite limit. Henceforth, in this article, the con-
striction resistanc®; is understood to be this limiting value
asL—o. The immediate goal in this section is to find how
the axial flux distributes itself across the plane of the crack.
For this purpose, it is necessary to find the energy associated
with heat flow across the air gap.

The “strain energy”Eg associated with the heat flow is
equal to half the volume integral of the flux multiplied by the
temperature gradient. Thus, over a length<L, the strain
energy in the heat pipe is

L
ES:’ITf
0

L
+ whaj [U(a,z)—V(a,2)]%dz, (14 B. Energy associated with heat flow through the gas
0
phase

a b
kff (Ur2+U§)rdr+kmf (V2+V2)rdr |dz
0 a

where the subscriptsandz represent partial differentiation. The energy associated with heat flow through the gas is

The partial derivatives are the "strains,” and the thermalsonsigered now. By virtue of symmetry the surface— 8 is
conductivities are the “stiffness coefficients.” The interface jgothermal and, provideth> 5, the heat flow through the

conductanceh is a “spring constant” andV—U] is the
spring “displacement.”
Upon substituting the expressions in E¢kl) into (14),

region —5<z<0 is predominantly one dimensional. The
volume of the gap isTh?s and the strain energy in the gap

Eqis
and integrating, it follows thaEg assumes the form g
5 fo? (1-f)df
ES= Eo+ E]_C"‘ E2C . Eg: 577b2 W oK
f
The first termEg is due to the uniform flow and it is easily ’ .
verified that The crack conductance and gas conductivity are related by
) kg=2hé, and sincek,<k; the energy can be approximated
_QRo by Eg~mb?(1—f)o?/ah.. Using the expression foo,
o2 given in Eq.(9) it follows thatE is

where Ry=L/mb?k,. This is the thermal resistance of un- Q? )
cracked material of length; in the analogy, the thermal Eng(l_c) Ry, (16)

resistance is equivalent to the compliance. The second term _ ) )
E,C represents the thermal interaction between the unifornyvhere the effective thermal resistance of the Bgss

flow and the constriction. Upon substitutiigyl) into (14) it ( 1—f)k2m
follows that Ry= 270?%Cn, (17)
P (L a gl b U _ .
E,=— k—f (Zkaf &—rdr+27-rkmf a—rdr)dz=0. The energyEy vanishes wher€=1 and this corresponds to
zJ0 0 JZ a 0z no heat flow across the gas.
The result thatE;=0 follows from Eg.(13). Finally, the
term C?E, represents the energy due to the constriction ef-
fects. The form of; is identical toEs except that the tem-  ~ 1oia1 resistance due to constriction and gas
peraturedd, V are replaced by/, V respectively. Ad. be-
comes large the energl, approaches a limiting value. The quantityE=E¢+E, gives the total energy of half
Using the properties placed upanhand V it follows, after  the cell
integrating by parts, that ds— o: 2
o E=7[RO+CZRC+(1—C)2RQ]. (18)
E =
22 The paramete€ adjusts itself to minimize the energy and

wherel/ is the average temperaturezat 0. The constriction ~ Setting dE/dC=0 leads toC=R,/(R:+Ry). Substituting
resistance is defined &.=U/Q, so that, wherL>b it is this value forC into (18), it follows that minimum value for

possible to write the energy is
2
4 @ RgRe
Es=7(Ro+ C°R.). (15) Emin 5 Ro+ RotRy)’

To further illustrate the elasticity/thermal analogy considerTherefore, the total effective thermal resistanceRis R,
the behavior corresponding to the limiting values far 7R Where the extra resistanée, _due to the combination of
When C=0 the heat flow is uniform and the strain energy the gas phase and the constriction, is
Es=Q?R,/2 corresponds to Fhe case of a uniformly stressed R.R, 1 1\°1

bar of lengthL. The other limit, wher€=1, corresponds to a R= RTR.

cracked specimen and the strain energy Bs=Q?(R, ¢
+R.)/2. The constriction resistance is the analog of the in-The resistanc® is equivalent to that obtained for the simple
crease in the compliance caused by the crack. UnRke parallel circuit comprising the resistoR;, andRy. The re-

R (19
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sistanceR accounts for an arearb? and it gives half the 1.0
total crack resistance. The conductance per area of the crack

H. is defined by
0.8

1 1\71
FHCIZRZ( +—) . (20)

. . . 0.6 2
This expression for the crack conductatgincludes both

the effects of constriction and gas conduction. The reduced
conductivity K, can then be found using E{L).

A similar resistor representation has been used
previously® to describe the contact resistance of two nomi-
nally flat surfaces where heat conduction across the interface 02 |
occurs through both asperity contacts and the gas phase be-
tween the contacts. The average distance between asperity

0.4

Constriction Resistance Factor, ®

contacts is B and the asperity contacts are assumed to be 0.0 . . , .
circular with average diamete®l2 The area fractiofiiis then 0.0 0.2 0.4 0.6 0.8 1.0
defined as Volume fraction, f
actual contact area ma? FIG. 3. Partial sums, correspondingNie=1, 2, and 10 terms, for the series
= ~—. representing the CRF given in E7). The convergence is rapid when
apparent contact areawb 0 E<f<0 69 g ®7 9 P

This fraction, which in the present context is equivalent to
the fiber volume fraction, is usually very small, typicafly

<1%. Moreover, since the solid on either side of the inter- - )
face is homogeneous, the total air resistance Ry 2 E 2Ji(ha) 1 } i (24)
~(mb?he) . The expression foR; given in Eq.(17) s Re= ka = Na  Jo(Aib)

more general in the sense that it includes the case where t
volume fraction is significant and the heat pipe is inhomoge-
neous. The constriction resistance remains to be found.

Iﬁe convergence of this series depends upon how many
terms are required to approximate the “shape” of the im-
posed flux boundary condition. Whem<b, many terms
(hundredg, are required for the series to approximate this
narrow “spike,” and, in fact, ifa/b becomes sufficiently

IV. CONSTRICTION RESISTANCE IN A small, the series goes over to an infinite integral. This corre-
HOMOGENEOUS CELL sponds to the situation where the fibers are so far apart that

o f for th o . in th they do not interact with each other. In this case, the con-
A series form for the constriction resistance in the cOM-giiction resistance tends to the limiting value

posite heat pipe is sought. At the outset, it is useful to have
some estimate as to how many terms are necessary to give a

reasonably accurate estimate. In the case whkgre,, and _ 8 25)
h= it is possible to obtain the exact solution for the tem- = 3wlak;

perature in the form of a Fourier—Bessel series . . .
The resistanc®., is used subsequently as a normalizing fac-

—\jz tor.
(21) To investigate the convergence of the series given in
(24), it is useful to express the constriction resistanc@ as

T(r,z)= %Zkf z—cz1 AJo(NT)

where T(r,z) is the temperature. The ternd(\;r) are

Bessel functions of order zero. The radial derivative of R —®R 26)
Jo(\ir) is equal to—\;J4(\r) so that the eigenvalues are ¢ -

found as the roots of The term® is the constriction resistance faci@RP), and it
depends on the volume fractidnRemoving the factoR,,

J1(A;b)=0. (22) from the series in24) gives® as

This ensures that there is no radial fluxratb. The bound-

ary condition az=0 is given in Eq.(9), and the coefficients 3myF N (na) 1 21

A, are selected to give the best fit to this boundary condition. ¢ — } - (27)

Making use of the orthogonality properties possessed by the 8 =1 >\ a  Jo(Aib)| Nib

Bessel functions it follows that the spectral quantitesare ¢ partial sums corresponding d=1, 2, and 10 series
2J1(\ Q) terms are plotted as a function din Fig. 3. Asf—0 the

i= m . (23 quantity ® should approach unity. It is clear, that for values

of f less than about 0.05, more than 10 terms are required. On
This expression for the temperature can be used in the exhe other hand, for values 6f0.1, the series has converged
pression forE, to obtain to virtually the exact result. The first term gives a reasonable
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lower bound for the CRF whef>0.2, and the sum of two o a b
terms gives a reasonable estimate for the CRF down to abouf= — WJO Ki fo (U +Uy)rdr + kmﬂfa (VZ+V2)rdr |dz
f~0.1. In almost all aligned fiber composites the volume
fraction f>0.1, and taking two terms in the series solution * )
for the CRF is likely to give a reasonably accurate estimate. ~ 7@ fo h(z)(V=U) dz}
r=a
a b
+2m f Z,{Sfrdr+f VSmrdr) , (29

0 a 720
V. LOWER BOUND FOR THE CONSTRICTION where the subscriptsandz represent partial differentiation.
RESISTANCE The first line on the right hand side gfrepresents the strain

energy. The second term accounts for the interface condition

The constriction resistand®,= ®R.., and this form is and h(z) plays the role of a spring constant witlv—)
also applicable when the heat pipe is inhomogeneous. Thigeing the displacement. Here, the conductaht® =h is
CRF becomes a function of the volume fractirthe con-  taken to be constant along the length. The last term is in-
ductivity ratio K, which is cluded so that the flux boundary condition, given in Ec®),
becomes a natural boundary condition. The functiogal
=R.Q?/2 and has units W °C.

Variational calculus is based on the following idéadt
is supposed thdi(r,z) andV(r,z) are the temperatures that
and the Biot number Bi, which is defined later. To find the cause the functional to be an extremum. These temperatures
CRF it is necessary to obtain the thermal field within the unitare then replaced withi/(r,z)+¢&n(r,z) and W(r,z)
cell. The inhomogeneity complicates the analysis to the pointt £6(r,z) whereé is a small parameter. The functional then
where it becomes necessary to construct some type of dmecomes a function af, and attains its extremum wher0.
approximate solution, and the calculus of variations become$he functions#(r,z), 6(r,z) are arbitrary except for the
a useful tool in this regard. restriction that they are integrable and decay to zera as

To obtain the constriction resistance, the functiotend  —«. The differentiald 77d¢ can be calculated, and, after
V need to be found. The heat flow problem that they mustntegrating this derivative by parts, it follows that whé&r0
satisfy can be solved by maximizing the functional the derivative is

=~

m

Kk_f’

(28)

a b 0
kff n(r,z)V2Urdr+kmer 6(r,z)V2Vrdr}dz—2waf {9l ki —h(V—U)]
0 a 0

o0 a
—H[kmvr—h(V—LO]}_adz—zwa 0(b,2)[knV(b,z)]dz+ 27 f (K, + Sp)rdr
0 0
b
+f 0(kaZ+Sm)rdr} =0. (30
a z=0
|
This derivative must vanish wheyr attains its extremum. Q%R
Considering the right-hand side, the first line gives the the ~J*=——, (32)

Euler conditionsV2/=V?V=0, and these are the heat flow
equations given in(2a and (2b). The second, third, and whereRy is the exact value for the thermal constriction re-
fourth lines give the natural boundary conditions that mussistance. In actual fact, the exact solution is not found, and
be satisfied. The quantities in tfie -] must vanish, and are Some reasonable approximate form for the temperatures
recognized as the boundary conditions giver(4a), (4b), within fiber and matrix must be made. In the present treat-
(3), and(9), respectively. The second derivatid@7/d&? is ment, the approximate solution does not satisfy the Euler
always negative, and this indicates that the extremum corre2quations and attains a value somewhat less than the ab-
sponds to a maximum. solute maximum. The value of the functional evaluated using
The variational method, as it is presented here, undere$0€se approximate forms is written as
timates the constriction resistance, and this can be explained Q%R
as follows. If the exact solution for the temperature field is  J= 5
known, then all the earlier requirements(B0) are fulfilled,
and the absolute maximum value of the functional, 8y  SinceJ<.7* it follows thatR.<R? so that a lower bound is
can then be found. This quantity can be written as obtained for the constriction resistance.

(32
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A. Construction of the trial functions actual behavior. The particular form has been chosen so that

Here, the temperatures are represented by the two serig%ey yield the exact solution when the heat pipe is homoge-
neou

forms . . . . . .
These trial functions are used in the functional given in

Q & (29), and the integration is performed in the radial direction.
Ucr,z)= Tl'b—szl Fi(r)Zi(2), The coefficients, of the tern& Z; andz;Z;, are equal tay;;
2= 33 and gj; , respectively. These coefficients are

- k,b28:. a b
W(r,z)= %zkzzl Gi(r)Zi(z). ZTB'Jzkffo Fi(r)Fj(r)rerrkmL Gi(r)G;(r)rdr,

. (383
“Guesses” for the functionsF;(r), G;(r) are made, and
these functions are referred to as trial functions. In a homo-  K.a;; a. : b :
geneous solid, the trial functions are given across the entire 3 K JO Fi(r)Fj(r)rdr+kmL Gi(r)G;(r)rdr
heat pipe by the sequence of Bessel functidy{a.;r) where
\; is a root ofJ;(\;b)=0. In comparison, within the com- +ahAjAy, (38b)
posite, there is a discontinuity at the interface. It is necessarypere A=Gj(a)—F(a) and A;=Gj(a)—F;(a). After
to construct the solution from the piecewise continuous funcyypsituting the test functions in the functional and then in-

tions Fi(r), Gi(r). These functions are “patched” together teqrating in the radial direction, it follows that, wher j,
at the interface so that they satisfy E¢$a) and(4b). Once e coefficientss;; and ;; are

a suitable set of trial functions is constructed, the sdi38s

is used in(29), and the integration over the radial coordinate

is performed. This gives the functional in termsZz) and

its derivativeZ;(z) where the superior dot indicates differen- K K —k

tiation. Essentially from that stage, Kantorovich's method is + k—f[Jo(Mb)]er m ff{[JO()\ia)]2+[Jl()\ia)]z},
z z

2J1(\ja)
)\ia

Bii:Pizf(l—f)+2Pif[

used to find the functiong;(i) that render the functional a K
maximum. (393
According to the requirement given previously (ib3),
the trial functions are formulated so that they contribute no - K Jo(ND)12 2f[3,(N) 3] A2aZ(Km—Ky)
net axial flow. The requirement that thth series term in  a;;=\{b K Bi + K
(33) causes no net flow is given by the condition z z
2Jo(Nja)di(Nja)
a b X {[Jo(Nja)]P— ————————+[I.(\@) 1P
kff Fi(r)rdr+kmf Gi(r)rdr=0. (34) [Holhia)] \ia Hiha)l
0
’ (39b)
The trial functions are given the forms In the case whei#j the coefficients are
Fi(r) = VK[pi(1=1)+Jo(\ir)], B = pipr (L) 4§ 2p;di(Nia)  2pidi(nja)]  km—kg
. (35 ij = PiPj Na \ja k,
Gi(r):\/_ﬁ[_pif+‘]0()‘ir)]’ % 2ak;Ji(Nja)Jo(Aja) —2ah;Ji(Nja)Jo(Na)
b2\ = A7) ’
where); are the roots 0f22). It is readily verified that these
functions lead to no net axial flow along the heat pipe, i.e., (409
thgy satisfy the condition(134). Moreover, the interface con- 2220\ Ji(Na)di(Nja) K= Ke 2N\
ditions (4@ and(4b) are satisfied ifp; is i = Bi k. N2_\2
z j i
pi:kf;km%()\ia)+ %(Aa) (36) x[aniJo(Nia)dy(Nja)—ak;Jo(hja)dy(Nia)]. (40D
i
z With these definitions the functional given {29) can be
where Bi is a Biot number which is defined by expressed, in terms &;(z) and its derivativeZ;(z), by the
forms
Bi= ahk, 3
1= kfkm . ( 7) 3 QZ

1 (= ” ” aijZiZj -
__—szkz Efo |:21 jgl ( b2 +BIjZIZJ dz

In the case wherl becomes small, the quantipy becomes
large in comparison witllg(\;r) so that the trial functions *

lose their radial dependence. If the temperature variation in —K2 9z,(0)
both phases is to become negligible ther+B8i,<1 and =t

this condition is commensurate with BL. It is again em- The quantitieQ; are found by considering the “work done”
phasized that these trial functions are only guesses at thet z=0 and are equal to

. (42)
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2m a b Q1K exp{— y17}
= Fi(r)rdr+ Gi(r)rd Zy(2)=
QI Q\/R[Sfjo ,(r)r r Smfa ,(r)r I’} l( ) Bll Y1
2J,(\a) that causesy; to attain its maximum value. Finally, the con-
=pi(l=H+———. (42 striction resistance is
I
The flux component§; andS,, are given in Eq(10). :ﬂ: \/Rzl(O)Ql
At this juncture, it is prudent to consider the available °Q bk,

options to maximize the functional i@1). The Ritz method, .
which is the simplest technique, does not give the best re_L_Jpon removing the factaR.,, the lower bound for the CRF

sults. In the Ritz method, a guess is made for the functioné,S

and for the sake of discussion say tlHatz) is 3k T O 2 4
m 1
=S| = 46
N b8k ( ,311) 1b (49
Cie M?
Zi(z)= l)\. : (43 where the subscript “1” indicates the first term. If the heat
|

pipe is homogeneous this expression 4oy reduces to the

where \; are the roots 0f22). Using these functions, the first series term of the exact solution given in E27). The
integral in(41) can be evaluated, and is found as a func- solution to find®,, which proceeds along the same lines, is
tion of the coefficients, i.e J(C;,C,,...). Settinga7/9C;  given in the Appendix.
=0, it is possible to find the coefficien& which maximize
the functional. In general the heat pipe is inhomogeneous,
and the function giyen in43) may great_ly differ. from the \, UPPER BOUND EOR THE CONSTRICTION
actual (exac) behavior. The second option, which uses theres|sSTANCE
method of Kantorovich, is semi-analytical in the sense that
the exact functionsZ,(z), Z,(z) etc., that maximize7 are In deriving an upper bound for the constriction resis-
found. However, the solution is not completely analytical,tance it is useful to consider the analogous problem in elas-
because the trial functions;(r) and G;(r), are not exact. ticity where bounds for the compliance are found. To obtain
Kantorovich’s method gives more accurate results than tha lower bound on the compliance, a strain field is specified.
Ritz’ method, and the expressions f1(z) are valid for all ~ This strain is uniform in Voigt's model. The elastic energy is
values of the thermal parameté¢sand Bi. In the subsequent then found using this strain field and an effective stiffness is
analysis, the first series term is presented. The two term s@btained. In Voigt's model, the stiffest phase dominates the
lution is somewhat longer, and is given in the Appendix. calculation, and in the case where there is a rigid phase the
method fails. In contrast, an upper bound for the compliance
can be found by specifying a stress field. This stress is uni-

Using only the first series term, the functional in E41) ~ form in Reuss’ model. The strain energy is found using this
reduces to the form stress. Reuss’ model is dominated by the most compliant
phase, and in the case where there is a cavity, this method
fails. In the thermal problem, an upper bound for the con-
striction resistance is obtained by specifying an appropriate
flux field. This upper bound is not very useful when one of
the phases has an inordinately high thermal resistance. Spe-
Finding the functiorZ,(z) that maximizes the functional is a cifically, the case where the Biot number<gi is trouble-
standard problem in variational calcultfsThis function some.
must satisfy the Euler condition To begin, let the flux components in the fiber be defined

asV¥,, ¥,, and those in the matrix bQ,, ,, so that

B. Lower bound for the constriction resistance factor

QZ
- wb%k,

..71: .

1 (=[ aZ? :
> ( b +/allz?>dz— VKQ:Z,(0)

d?z, v, ¥ Kl kell.
F_'}’%leou (44) ( r z):< f“r f z).
Qr QZ kmvr kaZ
where the eigenvalug; is The omission of the negative sign does not affect the subse-
quent analysis. The flux components are considered as new
variables and, following Arthur the HamiltoniansF, M
1 jen (45  are defined as
Y1 b Bl .

V242 02+0?2
The natural boundary condition, which is also necessary to F= ok and M= ok
maximize the functional, i$8,,Z,(0)=— VK Q;. The solu- ! "
tion to (44), satisfying this natural boundary condition, gives The functional in Eq.(29) can be written in its canonical
the function form
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t7=—27‘rfOO
0

b
+ J (Q YV +QV,— M)rdr
a

a A flow field satisfying the requirements of E¢18) can
JO (W U+ U~ F)rdr be found by the use of a suitably chosen Harmonic potential
function, sayW(r,z), which is taken in the form of a
Fourier—Bessel series

dz—wha

e—)\iZ

W(r,z)=nzl BJo(Anl) (50)

xJ [W(a,z)—Ua,z)]?dz+ 27 '
0 The insulated condition at=Db is taken into account by

finding the roots\, so thatJ;(\,b)=0. The flux compo-

a b
X jo U(r,O)Sfrerrj WV(r,0)Syrdr |. (47 nents are taken as
a
At this stage, the original functional can be recovered if the v \PZ) = Wi WZ)_ (51)
flux components are replaced with the temperature deriva- Q, Q, W, W,

tives. On the other hand, if the temperatuteand) can be
eliminated, the complementary functional, $ays obtained.
To obtain this complementary functional, the volume inte-

If the coefficientsB,, are to satisfy the flux boundary condi-
tion atz=L, as given in(12), then they must satisfy

grals in(47) are integrated by parts to obtain IW ” -5 (0<r<a)
7| =~ 2 Badohar)=| _ . (52
»( (a z|, n=1 S, (a<r<b)
o [ | [T v+ w1+ Rar
0170 Each side of this equation is multiplied byy(Apr). and
b then integrated overQr <b, to give the Fourier coefficients
+f {V[(rQr)r+(rQZ)Z]+rM}dr)dz B, as
a
B,=P —2—2J1()\”a) (53)
+7ra‘f [ZVQr—ZU‘Pr—h(V—L{)Z]dz] T MNads(Nb) |
0
r=a

Using these definitions in Eq49), the constriction resis-

o a tanceR; is
—2xb J VQ,dz +27 J U+ Se)rdr
0 r=b 0 2 (= faW2+W? g b W2+ W2 q
b R Jy |y v | e
+f V(Q,+ S,)rdr . (48
a 2=0 aW(a,2)
+——\|dz (54a
In the first line, the coefficients @f and)V contained in the h

ecauseV?W=0 it is possible to convert this volume inte-
ral into a surface integral by the use of integration by parts.
The result of this process is

aW(r,0) bW(r,0)
Sffo K rdr+SmJa K rdr}

analogous to stress equilibrium. The first term in the secon
line gives the boundary condition alomg=a and equilib-
rium requires thatV,=(),. The interface boundary condi-
tion, h(V—U) =V, , can then be used to replace the tempera- 2
tures withW,. The second term requires that the adiabatic Rczﬁf
condition atr=b must be satisfied i¥’ is to be eliminated.

[---], vanish if the divergence of the flux vanishes; this is(g

The last line gives the boundary conditionszat0, and the 2w (=|W(a,z) W(a,z) W(a,2)
quantities in thel---] vanish if the axial flux components +62' 0 Ky - K + h

satisfy the applied boundary conditions. It should be noted

that these requirements on the flux field are the natural con- xaW,(a,z)dz (54b

dition_s Whic_h are given in Eq(30). The complementary The heat flow is continous and is given by the partial deriva-
functionalZ is then found tives of W. In comparison, the temperaturés=W/k;, V

=[ faWZ+yp?2 av?(a,z) =WI/k, are discontinous across=a. According to the in-
Z=27Tf J Trdr+ ~on terface condition, the temperatures should satisfy the condi-
oL-0 f tion h(V—) =k, , and the second line if54b) should(if
b Q2+ 02 Q%R the solution is exagf vanish. With the choice given foi in
+J o rdrjdz=——. (49 (50) this “compatibility” condition is not in general fulfilled
a m

so thatR.>R} . The exceptional case ariseskif=k,, and

It is clear thatZ is always positive and assumes its minimumh=o and the expression fdR; is then exact. After some
value when the flux components represent the exact solutiomlgebra, the expression {84b) can be evaluated. Upon fac-
The exact minimum is equal to the quantifff =Q?R¥/2  toring outR., the CRF is

which is given in(31). Since Z>J%, it follows that R,

>R*, and this functional can be used to obtain an upper o :ﬁ
bound for the constriction resistance. bk,

37f & — AnpnAidi(Nia)
O+ — ——, 54¢
4 n§=:1 Z:l bz)\n()\n—"_)\i) ( )
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where®, A,, andp, are given in(27), (23), and (36) re-  phases becomes negligible, and the analysis can be reduced
spectively. The subscriptu” indicates the upper bound, and to a one-dimensional problem. Assuming tbaand )V are

the accuracy of this bound is governed by how well the fluxfunctions only ofz, an elementary heat flow balance leads to
field is approximated by the gradient ¥(r,z). In some the pair of equations

situations, for example wheh—0, the flux distribution

2
given by q=VW is not very realistic and the bound is not mal kfﬂ —27ah(l—V)=0,
useful. No attempt has been made to correct the upper bound dz’
of this defect. 2
m(b?>—a?) Kigz | +2mah(U=1)=0.

VII. LIMITING CASES FOR EXTREME THERMAL _ . . ) _
PROPERTIES It is readily verified that the solution to these equations,

which satisfies the boundary conditioi?), is of the form
Before a discussion of the results, it is convenient to

present the limiting behavior of the CFR corresponding to ;) St exp(— yw?)

cases where the thermophysical properties attain extreme Ky Yw ’
values.

_ Sr’n exr( - YWZ)
A. Perfect thermal contact along the interface (2z)= k_m Yw ’

When the interface is perfect, there are two limiting \where the decay rate,, is
cases corresponding to either very large, or very small, val- _
ues of the conductivity rati&. First, whenK— o, the radial 1 2Bi
variation in the matrix temperature becomes negligible, and WTh f(1-1)
it is reasonable to sdi(a,z)=0 as a condition at =a.
Moreover, aK —x, the flux boundary condition, Eq12),
specifies thak;U,= —Si— — Q/m7a®. The functionl/(r,z)

The subscript W’ indicates “weak” coupling across the
fiber/matrix interface. The constriction resistance

under these conditions is then R Uuo) 1 (1-f)k, [f(1—1)
C: = . .
Ur.z)= ma’k; &1 Anadi(Ana) Ay ' 59 after factoring outR.., the CRF is found as
where the eignevalues, are the roots ofly(A,a)=0. At _3mkp(1—f) J1-f 59
z=0 the average temperature rise of the fiber is equé! to W 8k, 2Bi’

?‘”d the. constncg?n resstz;\_nge;@:ulq Afterl doing (;hfe This expression for the CRF represents the asymptotic be-
mtc_agratlor::eoverh IT =ato ml ¢ fe a\;]era(t:gslzvg U€, and 1ac- navior when the interface is weakly conducting. According
toring outR..., the limiting value for the IS to elementary books on heat transféthe internal tempera-

37 1 \3 ture variation can be neglected if the Biot numberBil.
Py=Ilmd=— This general prediction seems to be approximately true as
K—o0 2 n=1 Ana
subsequently shown.
37 ( L1 o |~03 s
2 124048 5.520F ) T VIIl. NUMERICAL RESULTS AND DISCUSSION

The second extreme situation occurs when 0. The limit-
ing value for the CRF can be found by noting that, far from
the crack where the flow is purely axial, the ratio of the
matrix flux Q,, to the total fluxQ is

%_ W(bz_aZ)Pm_ K(l_f) q)LH:37T\/[
Q  Pwb®  K(1-f)+f"

For any fixed value of, the conductivity ratid can be taken
sufficiently small, so thaQ,,/Q~0. The limiting value of

Here some numerical results, obtained from the varia-
tional method, are compared with those obtained by L.H.
The L.H. model yields the formula
Kn(1—1)|°| 4+Bis

8k, Bi;
The subscript “LH” denotes their model. In formulating
their analysis, the radial variation in the matrix temperature

3

(59

the CRE is then was considered to be negligible. For this to be true, the ther-
mal resistance of the matriR,,~(1—f)/k,,, must be some-
®y—0. (570 what less than the sum of the fiber resistaRge: f/k;, plus

{he interface resistanc®;=1/ha. Setting R;+R=R,;,
yields the result

Kf K f
—t =t =1
B. Asymptotic behavior of a weakly coupled interface 1-f Bi Bi(1-f) 1

All the heat is then carried by the fiber and no readjustmen
of the heat flow is required to cross the crack.

(60)

In the extreme case wherein the Biot number becomeas illustrated later, this inequality seems to give a reasonable
sufficiently small, the radial temperature variation in bothestimate for the region of validity of the L.H. model.
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A. Perfect thermal contact along the interface 1.0 : —

To begin the discussion, a thermally perfect interface is
considered. The Biot number, Bix, and the expression for
@ reduces to the simple form

Km(1—f)]%2
8k, |

Figures 4a), 4(b), and 4c) show the behavior of all the
various estimates®, ,,, ®,, ®,, and®,), as a function of
the volume fractiorf. In practice, the volume fraction rarely
exceedsf=0.6 so the absissca is truncated at that value.
Each figure corresponds to a given valueofand values of
K=1, 10, and 0.1 are used. The dashed line shbws, the
thin solid line showsb,, and the two heavy lines shod,,

®,. The exact solutiomb*, which is in the rangeb,<d*
<&, lies between the two heavy lines. For values of vol- (a)
ume fraction in the range 0<1f <0.6, the bounds are fairly

close together so tha* can be estimated to within a rela-

tively small error.

Figure 4a) shows the behavior of the CRF when the
conductivity ratioK=1. The upper bound is identical to the
line N=10 in Fig. 3. The lower bounds correspond to the
partial sumsN=1 and 2 in Fig. 3. For values df>0.5 the 06 4
L.H. model is in reasonable agreement with the bounds and
this is consistent with the inequalitp0).

Figure 4b) shows the behavior of the CRF correspond- 04 . - ——= - 3
ing to K=10. SinceK is fairly large, the radial variation in —
the matrix temperature becomes relatively “flat” in com-
parison with that of the fiber. According {60), the estimate 0.2 @
for @y is valid whenf=1/9, and it is clear from the figure
that the expression fab,, is in reasonable agreement with
the other estimates. The horizontal double-dashed line,
shows the limiting valueb ¢ which is described by Ed56).

Figure 4c) shows the behavior of the CRF correspond-
ing to K=0.1. SinceK is small, the radial variation within 1.0
the matrix becomes large in comparison with that of the
fiber. The L.H. model does not give a good estimate of the
CRF for the range of shown in the figure. Moreover, the
inequality (60) suggests thaf>10/11 is required for the
L.H. model to give a reasonable estimate.

(61)

(I)LH:37T

0.0 L e E e B S B
0.0 0.1 0.2 0.3 0.4 0.5 0.6

Volume fraction, f

1.0 L | " [ ‘ 1 L | L |

08 - K=10

CRF, ®

0.0 —
0.0 0.1 0.2 0.3 0.4 0.5 0.6
(b) Volume fraction,

0.8 -

0.6

CRF, ®

B. Imperfect thermal contact along the interface

Figures %a), 5(b), and %c) show the effect of the Biot
number upon the CRF. The volume fractibs 0.3, and val-
ues ofK=1, 10 and 0.1 are used as labeled in the figures.
The three solid lines represent the bounds, and when
=0.3 the two lower bounds almost coincide. As previously
discussed, the upper bound becomes inaccurate when Bi be- 0.0 —— :
comes small, and this appears to happen whenl1BiThe 0.0 0.1 0.2 0.3 0.4 05 0.6
dashed line shows the L.H. model and, according to the in- (c) Volume fraction, f

equality (60), ®, is expected to be useful when the Biot FIG. 4. Comparisons of the various bounds on the CRF, along with the L.H.
number is sufficiently small so that model, when Bie. The following values of the conductivity ratio are used:

(@) K=1, (b) K=10, and(c) K=0.1.
3+7K

7=3K the CRF tends to this asymptotic limit when<gd.1 or so. In
For K>7/3, the estimatab,, is expected to be reasonably Fig. 5a) the conductivity ratidK = 1, and the inequality pre-
accurate for all values of Bi. The asymptotic behavigy is  dicts that®, is useful when B«<2.5. In Fig. §b) the value
shown by the straight double-dashed line, and, as expectedf K=10 and the CRF given bg,,, can barely be distin-

0.4 -

0.2

1=

Downloaded 01 Feb 2008 to 128.111.74.179. Redistribution subject to AIP license or copyright; see http://jap.aip.org/jap/copyright.jsp



4610 J. Appl. Phys., Vol. 89, No. 8, 15 April 2001

10 5

=]
w
o
(&)
0.1 4
0.01 T T T
0.01 01 1 10 100
(a)
e
w
[id
(&)
K=10
0.01 T T T
0.01 0.1 1 10 100
(b) Biot Number, Bi
=]
w
i
[8)
0.01 T ] T
0.01 0.1 1 10 100
(C) Biot Number, Bi

FIG. 5. Effect of the Biot number upon the CRF for composites with the
volume factionf=0.3. The following values of the conductivity ratio are

used:(a) K=1, (b) K=10, and(c) K=0.1.

guished from the solid lines. In Fig.(® the conductivity
ratio K=0.1 and the inequality predicts that the L.H. model

J. Dryden and F. Zok

IX. CONCLUDING REMARKS

It has been demonstrated that the thermal resistance of a
bridged crack can be obtained from a simple parallel resistor
model, with one of the resistors representing the thermal re-
sistance of the gas phase within the crack and the other re-
sistor representing the constriction resistance. The gas resis-
tance R, is related to the various geometric and thermal
properties in a straightforward manner as given in @g).
Furthermore, the use of this parallel resistaficaives re-
sults that are consistent with the analysis obtained by L.H.

Determination of the constriction resistance is consider-
ably more challenging, and has been the main focus of this
article. Upper and lower bound estimates have been obtained
using an approach based on variational calculus, and empha-
sis has been placed on the analogy between problems involv-
ing heat flow and elasticity in multiphase systems. Upon
comparing the bounds with one another, and with other lim-
iting values of the constriction resistance, the two-term lower
bound solution emerges as the most accurate over essentially
the entire range of parameter values of intefést notable
exception being the case where the fiber volume fraction is
very smal). The one-term lower bound solution is somewhat
simpler yet provides reasonable estimates over the entire
range of conductivity ratios and Biot numbers when the fiber
volume fraction is moderately highf £0.2).

The solution for the constriction resistance stemming
from the model of L.H. is accurate within the domain pre-
dicted by the approximate inequali{g0). Outside this do-
main the L.H. model can be in error by a significant amount
and hence the solutions presented in this article are required.
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APPENDIX: TWO TERM LOWER BOUND SOLUTION

Using two series terms, along with the definitions given
above fora;; andg;; , the functional in(29), after integration
over the radius, reduces to the form

Q@ (=1
A jo 2lanZi(2)+2a121(2)2(2)

Q[
+ 2320z 5 | [BuZi2

+2B121(2)Z5(2) + BZ3(2)1dz
2
+ %q(z{\/ﬁ[ 017,(0)+ Q,Z,(0)]}. (A1)

is valid when Bi0.55. The figure indicates that this is ap- The problem of finding the two dependent variabl&g(z)

proximately true.

and Z,(z), which maximize 7, is a standard problem in
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variational calculus. In the range<z<, these functions 7= —[02y?(B11+ B12) — (a1 + a1n)].
must satisfy the Euler equations. In this case there are tw?

coupled differential equations which are here are two values faf and » corresponding to the roots

of y, and y,. Retaining the appropriate roots, so that the

b2B1121+ b231222=a1121+ a9,y temperature decays asincreases, the functiong,;(z) and
yo b,z (A2) Z5(z) are found as
D°B12Z1+ 0Bl = a2y + a;.
. . Fliexp—v1z)  Glrexp—y,2)

Similarly, there are two natural boundary conditionszat Zl(z)z\/R + ,

=0 which must be satisfied to maximize the functional. "1 Y2

These boundary conditions are K Fniexp—y1z) Guyexpl— v,z) (A6)
B11Z1(0) + B1Z5(0) =~ Q1 VK, 7 72

(A3)  Finally, the coefficients= and G are found by using the
boundary conditions given ifA3):

_ Q1( 72822+ {2812 — Qo 12812+ {2811

B1221(0) + B22Z5(0) = — QK.

Finally, the functionsZ,(z) andZ,(z) must be constructed
so that they decay as— .

To obtain the solution, it is noted that the differential (B11Bao— BT (1281~ 1142) ’
equations iA2) are linear with constant coefficients. It then _ + n + (A7)
follows that forms, of the typez,(z)=De” and Z,(2) G= Q71822 gl'gf) Ll mProt (1510
=Ee”*, can represent a solution if the coefficients and the (B11B22~ B12) (1281— 1182)
roots are appropriately chosen. Substituting these forms ihus, both the Euler conditions and the boundary conditions
Eq. (A2) yields the matrix equation are satisifed by setting,(z) andZ,(z) equal to the forms
b2v28.— a1« b2v2Br— given in (A6).
272B11 t 272,312 12) [E)) :(8) (A4) It can be shown, using integration by parts(@d), that
b=y Bro— a1, by Poo—az the constriction resistance is
For nonzero values d andE the rootsy must found so that JK
the determinant of the matr_lx vanishes. The two rootsyﬁ)r RCZW[Zl(O)Q1+ Z,(0)Q,]. (A8)
are found from the quadratic O K,
b*y4—b24?B+C=0 (A5) Upon removing the factoR,, the first two terms of the
' constriction resistance factor are obtained
whereB andC are given by
8 B 28 _37Tkm\/? F(Qi4t Q2771)+G(Q1§2+ Q272)
o 11— o - .
_ 114422 22¢¢11 . 12 12, 2 8kz 71b 72b
B11B22— P12 (A9)

When the heat pipe is homegeous, this expression reduces to
the first two terms of the exact solution given in E}7).

2
A1100— Ao
= 5 A a2
B11B20— B,

There are four roots that occur asy; and = vy,. These
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