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Thermal resistance of bridged cracks in fiber-reinforced ceramic
composites
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The thermal resistance of a bridged matrix crack in a fiber-reinforced ceramic composite is
analyzed. The problem is cast in terms of a unit cell comprising an infinitely long composite
cylinder with a single matrix crack perpendicular to the fiber axis. At the outset, it is demonstrated
that the thermal resistance of such a crack can be represented by a simple circuit consisting of two
parallel resistors; one resistor represents the thermal resistance of the gas phaseRg within the matrix
crack, and the other resistor represents the constriction resistanceRc of the bridging fiber. The main
focus of the article is on determination ofRc and bounds on this resistance are obtained by the use
of variational calculus. The analogy between problems involving steady-state heat flow and
elasticity in multiphase materials is emphasized. The results for the constriction resistance are
compared with the predictions of an approximate analytical model presented by@T. J. Lu and J. W.
Hutchinson, Philos. Trans. R. Soc. London, Ser. A351, 595 ~1995!#. In their model the radial
temperature variation within the matrix is neglected. The domain in which such variations can be
justifiably neglected is found. ©2001 American Institute of Physics.@DOI: 10.1063/1.1354648#
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I. INTRODUCTION

One of the main mechanisms by which fiber-reinforc
ceramic composites obtain high toughness is through the
velopment of multiple matrix cracks accompanied by the
sociated debonding and sliding that occur along the fib
matrix interface adjacent to each crack.1 The resulting
inelastic strain imparts a high toughness to the composit
essentially the same manner that dislocation plasticity
parts high toughness to metallic alloys. However, th
cracks are detrimental to other properties of interest in e
neering design. For instance, they lead to permanent res
strain which compromises dimensional stability. Moreov
they impede the flow of heat perpendicular to the crack pl
and therefore reduce the average composite conductivity2–4

The latter problem is the focus of the present article.
The specific problem of interest involves an aligned fib

composite that contains a periodic array of fully bridged m
trix cracks perpendicular to the fiber axis as shown schem
cally in Fig. 1. The reduction in the longitudinal therm
conductivity due to the cracks is dictated by the spacing
the cracks and the thermal resistance of each crack. In
this thermal resistance is controlled by the pattern of h
flow along with the pertinent thermal and geometric prop
ties of the constituent phases. The reduced thermal con
tivity Kz can be expressed in terms of:~i! the thermal resis-
tance, or its inverse the conductanceHc , of a single isolated
crack; ~ii ! the crack spacingd; and ~iii ! the axial thermal
conductivitykz of the pristine composite. A series resistan
summation yields the relation4

1

Kz
5

1

kz
1

1

dHc
. ~1!
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The challenge then is to determine the thermal conducta
of a single crack in terms of the pertinent fiber, matrix, a
interface properties. This goal can be accomplished m
conveniently through an analysis of a unit cell with period
boundary conditions that simulate the conditions obtained
the actual composite. This approach is adopted here.

This exact problem was analyzed recently by Lu a
Hutchinson5 following an approach reminiscent of shear la
in the context of mechanical loading. For the sake of con
nience, reference to their work is denoted by the abbrevia
‘‘L.H.’’ In order to obtain closed-form analytical solutions t
the governing heat flow equations, L.H. neglected the ra
temperature variations within the matrix near the cra
plane.~Analogously, the radial variation in the normal m
trix strain is neglected in the standard shear lag formulat
of the longitudinal elastic modulus of the cracked comp
ite.! In the domain in which these temperature variations c
be neglected, their model provides useful results for the
lationship between the composite conductivity and the pe
nent constituent properties.

The L.H. treatment, as well as the analysis given here
based upon the thermal field in a unit cell. The cell, which
discussed in more detail in the next section, has a diamete
2b, which is equal to the distance between fiber centers.
cell length d is equal to the crack spacing. The cell
bounded at each end by cracks; the heat flux enters and
the cell across these cracks. The disturbance to the fl
caused by the crack-induced constriction, decays appr
mately within a distance equal to the diameter. In most co
posites of practical interest, the crack spacingd@2b so that
there is virtually no thermal interaction between cracks. F
9 © 2001 American Institute of Physics
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this reason, the interactions are neglected in the presen
ticle and attention is focused upon a single crack.

The main objective of the present article is to deve
solutions for the thermal resistance of an isolated brid
crack in an aligned fiber composite. The solutions presen
here are more rigorous than those of L.H. in the sense
they account for the radial temperature variations in the m
trix, and are therefore applicable to a broader range of c
stituent properties. In the first step of the analysis, it is de
onstrated that the combined effect of the thermal resista
of the gas phase within the matrix crack plus the constrict
resistance of the bridging fiber, can be obtained from
simple parallel resistor model. The essence of the probl
and the focus of the majority of this article, is the determ
nation of the constriction resistance. For this purpose,
approach based on variational calculus is used to obtain
per and lower bounds on the constriction resistance. Emp
sis is placed on the analogy between problems involv
steady-state heat flow and elasticity of multiphase mater

It is noted parenthetically that, in the present article,
key results are cast in terms of the constriction resistan
The constriction resistance can be combined with the ther
resistance of the gas phase through the aforementioned
allel resistor model to obtain the average crack conducta
Hc . This crack conductanceHc , in turn, can be combined
with the crack density to obtain the composite conductiv
Kz , via Eq. ~1!, and this conductivity is the property of in
terest at the macroscopic scale. In this context, the cons
tion resistance is arguably the key fundamental property
sociated with fiber bridging. By contrast, L.H. couch the
results in terms of composite conductivity. In the latter for
the results provide a somewhat less direct measure of
effect of fiber bridging. Despite this difference in viewpoin
the connections between Lu and Hutchinson’s results and
ones presented here can be readily made, as illustrated

FIG. 1. Aligned fiber composite showing the fiber orientation and the ma
cracks. The overall heat flow is along the fiber direction.
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II. UNIT CELL AND BOUNDARY CONDITIONS

The effects of a matrix crack upon the axial heat flow
a unidirectional fiber composite are investigated using
unit cell shown in Fig. 2. The cell to be analyzed is t
circular cylinder of radiusb, occupying the region 0,z
,`. The cell contains a fiber of radiusa so that the volume
fraction of the fiber isf 5a2/b2. The matrix crack, which has
a total thickness 2d, is centered atz52d, and the gas con-
ductivity within the crack is equal tokg . The crack thickness
is small in comparison with the cell diameter, i.e.,b@d, and,
as shown, the fiber bridges the crack. There is a ‘‘mirro
cell above the crack, and, by virtue of symmetry, the pla
z52d is an isothermal surface.

The temperatures in the fiber and matrix are designa
by U(r ,z), V(r ,z), respectively, and the thermal conductiv
ties of these two phases are designatedkf , km . The heat flow
is axisymmetric so that bothU andV must satisfy Laplace’s
heat flow equation

¹2U5
1

r

]

]r S r
]U

]r D1
]2U

]z2 50, a.r .0, ~2a!

¹2V5
1

r

]

]r S r
]V

]r D1
]2V

]z2 50, b.r .a. ~2b!

It is assumed that the flux is related to the temperature
dient by Fourier’s Law.

Although this circular cell does not fill space, it is
reasonably close to a hexagonal prism. Since the cell is
of a periodic array, there is no radial flux atr 5b, and there-
fore it follows that

]V

]r
50. ~3!

The cell can be regarded as a ‘‘heat pipe’’ in the sense
there is no leakage atr 5b.

x
FIG. 2. Unit cell, with radiusb containing a fiber of radiusa, occupying the
region 0,z,`. The matrix crack has total thickness equal to 2d and is
bridged by the fiber. The mirror cell is shown, and, by virtue of symmet
the surfacez52d is isothermal. The gas conductivity iskg .
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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At r 5a the radial flux must be continuous. In contra
there is a temperature discontinuity across the interface.
boundary conditions are

kf

]U

]r
5km

]V

]r
, ~4a!

kf

]U

]r
5h~V2U !, ~4b!

whereh is the conductance of the interface between the
phases. Most of the resistance to the heat exchange bet
the two phases is due to the interface whenh becomes suf-
ficiently small. Moreover, the ratio, of the fiber resistance
that of the interface, is a dimensionless quantity that is eq
to the Biot number

Bi f5
ah

kf
. ~5!

Similarly, within the the matrix, the Biot number can b
defined as

Bim5
~b2a!h

km
. ~6!

When both of these Biot numbers are sufficiently small,
temperature variation in the radial direction is negligible, a
the analysis then undergoes a significant simplification. G
erally, however, the Biot numbers are not small enough
make this assumption and a more rigorous solution is ne
sary.

The total amount of heat flowing down the heat pipe
equal toQ so thatP5Q/pb2 is the average flux. At dis-
tances from the crack that are large in comparison with
pipe diameter, the heat flow becomes axial. The fluxP is
split; Pf is the flux in the fiber, andPm is the flux in the
matrix. These fluxes are

Pf5
kf P

kz ,
~7!

Pm5
kmP

kz ,

where the average axial conductivitykz is given by the law
of mixtures

kz5kf f 1km~12 f !. ~8!

The matrix crack impedes the axial flow of heat and caus
certain degree of constriction. The constriction is not to
however, because the conductancehc across the crack is
generally finite. Near the crack a portion of the heat flow
shunted into the fiber, and to account for this partial const
tion a parameterC is introduced. The flux boundary cond
tion, imposed upon the cell atz50, is written in the form

s f5kf

]U

]zU
0

5Pf1CSf ,

~9!

sm5km

]V

]zU
0

5Pm1CSm .
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The quantitiesSf and Sm , which contribute no net axia
flow, are

Sf5
Pm~12 f !

f
,

~10!
Sm52Pm .

The parameterC, which varies between 0<C<1, describes
the relative degree of constriction. WhenC51, thensm50,
s f5P/ f , and this corresponds to complete constriction.
the other extreme, whenC50, thens f5Pf , sm5Pm , and
this corresponds to no constriction. Since the crack cond
tance invariably lies in the rangè.hc.0, the parameterC
assumes some intermediate value.

Evidently, the flux boundary condition in~9! is split into
two components. The first term in~9! represents uniform
axial flow, and the second term, containing the parameteC,
describes the constriction. Since the problem is linear, i
possible to use the method of superposition and write
temperatures as the sum of these two contributions

U~r ,z!5
Pz

kz
2CU~r ,z!,

~11!

V~r ,z!5
Pz

kz
2CV~r ,z!.

The first terms on the right-hand side represent uniform a
flow while the unknown functions,U(r ,z) and V(r ,z), de-
scribe the constriction effects. These functions must sat
Laplace’s Eqs.~2a! and~2b! along with the boundary condi
tions ~3! and ~4a! and ~4b!. The flux condition atz50 is

kf

]U
]zU

0

52Sf ,

~12!

kf

]V
]zU

0

52Sm .

It is easily shown thatpa2Sf1p(b22a2)Sm50. Using this,
along with adiabatic condition atr 5b, it follows from heat
flow conservation that

]

]z F2pkfE
0

a

U~r ,z!rdr 12pkmE
a

b

V~r ,z!rdr G50. ~13!

The portion within the brackets@¯# must be constant. At
distancesz@b, bothU andV decay to a constant temperatu
which can be taken to be zero. Thus, it follows that t
portion within the brackets@¯# is equal to zero at any posi
tion along the length.

III. DETERMINING THE PARAMETER C

The constriction parameterC can be found using the for
mal analogy that exists between steady state heat flow
linear elasticity.6 In this analogy, temperature, flux, and the
mal conductivity play the role of displacement, stress, a
elastic stiffness, respectively.
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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A. ‘‘Energy’’ associated with constriction

The ‘‘strain energy’’Es associated with the heat flow i
equal to half the volume integral of the flux multiplied by th
temperature gradient. Thus, over a length 0,z,L, the strain
energy in the heat pipe is

Es5pE
0

LFkfE
0

a

~Ur
21Uz

2!rdr 1kmE
a

b

~Vr
21Vz

2!rdr Gdz

1phaE
0

L

@U~a,z!2V~a,z!#2dz, ~14!

where the subscriptsr andz represent partial differentiation
The partial derivatives are the ‘‘strains,’’ and the therm
conductivities are the ‘‘stiffness coefficients.’’ The interfa
conductanceh is a ‘‘spring constant’’ and@V2U# is the
spring ‘‘displacement.’’

Upon substituting the expressions in Eqs.~11! into ~14!,
and integrating, it follows thatEs assumes the form

Es5E01E1C1E2C2.

The first termE0 is due to the uniform flow and it is easil
verified that

E05
Q2R0

2
,

whereR05L/pb2kz . This is the thermal resistance of un
cracked material of lengthL; in the analogy, the therma
resistance is equivalent to the compliance. The second
E1C represents the thermal interaction between the unifo
flow and the constriction. Upon substituting~11! into ~14! it
follows that

E152
P

kz
E

0

LS 2pkfE
0

a ]U
]z

rdr 12pkmE
a

b ]U
]z

rdr D dz50.

The result thatE150 follows from Eq. ~13!. Finally, the
term C2E2 represents the energy due to the constriction
fects. The form ofE2 is identical toEs except that the tem
peraturesU, V are replaced byU, V respectively. AsL be-
comes large the energyE2 approaches a limiting value
Using the properties placed uponU and V it follows, after
integrating by parts, that asL→`:

E25
QŪ
2

,

whereŪ is the average temperature atz50. The constriction
resistance is defined asRc5Ū/Q, so that, whenL@b it is
possible to write

Es5
Q2

2
~R01C2Rc!. ~15!

To further illustrate the elasticity/thermal analogy consid
the behavior corresponding to the limiting values forC.
When C50 the heat flow is uniform and the strain ener
Es5Q2R0/2 corresponds to the case of a uniformly stres
bar of lengthL. The other limit, whenC51, corresponds to a
cracked specimen and the strain energy isEs5Q2(R0

1Rc)/2. The constriction resistance is the analog of the
crease in the compliance caused by the crack. UnlikeR0
Downloaded 01 Feb 2008 to 128.111.74.179. Redistribution subject to AI
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which is unbounded asL→`, the constriction resistanceRc

approaches a finite limit. Henceforth, in this article, the co
striction resistanceRc is understood to be this limiting valu
asL→`. The immediate goal in this section is to find ho
the axial flux distributes itself across the plane of the cra
For this purpose, it is necessary to find the energy associ
with heat flow across the air gap.

B. Energy associated with heat flow through the gas
phase

The energy associated with heat flow through the ga
considered now. By virtue of symmetry the surfacez52d is
isothermal and, providedb@d, the heat flow through the
region 2d,z,0 is predominantly one dimensional. Th
volume of the gap ispb2d and the strain energy in the ga
Eg is

Eg5dpb2F f s f
2

2kf
1

~12 f !sm
2

2kg
G .

The crack conductance and gas conductivity are related
kg52hcd, and sincekg!kf the energy can be approximate
by Eg'pb2(12 f )sm

2 /4hc . Using the expression forsm

given in Eq.~9! it follows that Eg is

Eg5
Q2

2
~12C!2Rg , ~16!

where the effective thermal resistance of the gasRg is

Rg5
~12 f !km

2

2pb2kz
2hc

. ~17!

The energyEg vanishes whenC51 and this corresponds t
no heat flow across the gas.

C. Total resistance due to constriction and gas

The quantityE5Es1Eg gives the total energy of hal
the cell

E5
Q2

2
@R01C2Rc1~12C!2Rg#. ~18!

The parameterC adjusts itself to minimize the energy an
setting dE/dC50 leads toC5Rg /(Rc1Rg). Substituting
this value forC into ~18!, it follows that minimum value for
the energy is

Emin5
Q2

2 S R01
RgRc

Rc1Rg
D .

Therefore, the total effective thermal resistance isR5R0

1R where the extra resistanceR, due to the combination o
the gas phase and the constriction, is

R5
RcRg

Rc1Rg
5S 1

Rc
1

1

Rg
D 21

. ~19!

The resistanceR is equivalent to that obtained for the simp
parallel circuit comprising the resistorsRc andRg . The re-
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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sistanceR accounts for an areapb2 and it gives half the
total crack resistance. The conductance per area of the c
Hc is defined by

1

pb2Hc
52R5S 1

2Rc
1

1

2Rg
D 21

. ~20!

This expression for the crack conductanceHc includes both
the effects of constriction and gas conduction. The redu
conductivityKz can then be found using Eq.~1!.

A similar resistor representation has been us
previously7,8 to describe the contact resistance of two nom
nally flat surfaces where heat conduction across the inter
occurs through both asperity contacts and the gas phas
tween the contacts. The average distance between asp
contacts is 2b and the asperity contacts are assumed to
circular with average diameter 2a. The area fractionf is then
defined as

f 5
actual contact area

apparent contact area
'

pa2

pb2 .

This fraction, which in the present context is equivalent
the fiber volume fraction, is usually very small, typicallyf
,1%. Moreover, since the solid on either side of the int
face is homogeneous, the total air resistance is 2Rg

'(pb2hc)
21. The expression forRg given in Eq. ~17! is

more general in the sense that it includes the case where
volume fraction is significant and the heat pipe is inhomo
neous. The constriction resistance remains to be found.

IV. CONSTRICTION RESISTANCE IN A
HOMOGENEOUS CELL

A series form for the constriction resistance in the co
posite heat pipe is sought. At the outset, it is useful to h
some estimate as to how many terms are necessary to g
reasonably accurate estimate. In the case wherekf5km and
h5` it is possible to obtain the exact solution for the te
perature in the form of a Fourier–Bessel series

T~r ,z!5
Q

pb2kf
Fz2C(

i 51

`

AiJ0~l i r !
e2l i z

l i
G , ~21!

where T(r ,z) is the temperature. The termsJ0(l i r ) are
Bessel functions of order zero. The radial derivative
J0(l i r ) is equal to2l iJ1(l i r ) so that the eigenvaluesl i are
found as the roots of

J1~l ib!50. ~22!

This ensures that there is no radial flux atr 5b. The bound-
ary condition atz50 is given in Eq.~9!, and the coefficients
Ai are selected to give the best fit to this boundary conditi
Making use of the orthogonality properties possessed by
Bessel functions it follows that the spectral quantitiesAi are

Ai5F 2J1~l ia!

l iaJ0
2~l ib!G . ~23!

This expression for the temperature can be used in the
pression forEs to obtain
Downloaded 01 Feb 2008 to 128.111.74.179. Redistribution subject to AI
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Rc5
1

pbkf
(
i 51

` F2J1~l ia!

l ia

1

J0~l ib!G
2 1

l ib
. ~24!

The convergence of this series depends upon how m
terms are required to approximate the ‘‘shape’’ of the i
posed flux boundary condition. Whena!b, many terms
~hundreds!, are required for the series to approximate th
narrow ‘‘spike,’’ and, in fact, if a/b becomes sufficiently
small, the series goes over to an infinite integral. This co
sponds to the situation where the fibers are so far apart
they do not interact with each other. In this case, the c
striction resistance tends to the limiting value9

R`5
8

3p2akf
. ~25!

The resistanceR` is used subsequently as a normalizing fa
tor.

To investigate the convergence of the series given
~24!, it is useful to express the constriction resistance as10

Rc5FR` . ~26!

The termF is the constriction resistance factor~CRF!, and it
depends on the volume fractionf. Removing the factorR`

from the series in~24! givesF as

F5
3pAf

8 (
i 51

N F2J1~l ia!

l ia

1

J0~l ib!G
2 1

l ib
. ~27!

The partial sums corresponding toN51, 2, and 10 series
terms are plotted as a function off in Fig. 3. As f→0 the
quantityF should approach unity. It is clear, that for valu
of f less than about 0.05, more than 10 terms are required
the other hand, for values off .0.1, the series has converge
to virtually the exact result. The first term gives a reasona

FIG. 3. Partial sums, corresponding toN51, 2, and 10 terms, for the serie
representing the CRF given in Eq.~27!. The convergence is rapid whe
0.1, f ,0.6.
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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lower bound for the CRF whenf .0.2, and the sum of two
terms gives a reasonable estimate for the CRF down to a
f '0.1. In almost all aligned fiber composites the volum
fraction f .0.1, and taking two terms in the series soluti
for the CRF is likely to give a reasonably accurate estima

V. LOWER BOUND FOR THE CONSTRICTION
RESISTANCE

The constriction resistanceRc5FR` , and this form is
also applicable when the heat pipe is inhomogeneous.
CRF becomes a function of the volume fractionf, the con-
ductivity ratio K, which is

K[
km

kf
, ~28!

and the Biot number Bi, which is defined later. To find t
CRF it is necessary to obtain the thermal field within the u
cell. The inhomogeneity complicates the analysis to the p
where it becomes necessary to construct some type o
approximate solution, and the calculus of variations becom
a useful tool in this regard.

To obtain the constriction resistance, the functionsU and
V need to be found. The heat flow problem that they m
satisfy can be solved by maximizing the functional
.
th
w

us

rr

re
in
is
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J52pE
0

`FkfE
0

a

~Ur
21Uz

2!rdr 1kmpE
a

b

~Vr
21Vz

2!rdr Gdz

2paF E
0

`

h~z!~V2U!2dzG
r 5a

12pS E
0

a

USfrdr 1E
a

b

VSmrdr D
z50

, ~29!

where the subscriptsr andz represent partial differentiation
The first line on the right hand side ofJ represents the strain
energy. The second term accounts for the interface condi
and h(z) plays the role of a spring constant with~V2U!
being the displacement. Here, the conductanceh(z)5h is
taken to be constant along the length. The last term is
cluded so that the flux boundary condition, given in Eq.~12!,
becomes a natural boundary condition. The functionalJ
5RcQ

2/2 and has units W °C.
Variational calculus is based on the following idea.11 It

is supposed thatU(r ,z) andV(r ,z) are the temperatures tha
cause the functional to be an extremum. These temperat
are then replaced withU(r ,z)1jh(r ,z) and V(r ,z)
1ju(r ,z) wherej is a small parameter. The functional the
becomes a function ofj, and attains its extremum whenj50.
The functionsh(r ,z), u(r ,z) are arbitrary except for the
restriction that they are integrable and decay to zero az
→`. The differentialdJ/dj can be calculated, and, afte
integrating this derivative by parts, it follows that whenj50
the derivative is
dJ
djU

0

52pE
0

`FkfE
0

a

h~r ,z!¹2Urdr 1kmpE
a

b

u~r ,z!¹2Vrdr Gdz22paE
0

`

$h@kfUr2h~V2U!#

2u@kmVr2h~V2U!#%r 5adz22pbE
0

`

u~b,z!@kmVr~b,z!#dz12pF E
0

a

h~kfUz1Sf !rdr

1E
a

b

u~kmVz1Sm!rdr G
z50

50. ~30!
e-
nd
res
at-
ler

ab-
ing
This derivative must vanish whenJ attains its extremum
Considering the right-hand side, the first line gives the
Euler conditions,¹2U5¹2V50, and these are the heat flo
equations given in~2a! and ~2b!. The second, third, and
fourth lines give the natural boundary conditions that m
be satisfied. The quantities in the@¯# must vanish, and are
recognized as the boundary conditions given in~4a!, ~4b!,
~3!, and~9!, respectively. The second derivatived2J/dj2 is
always negative, and this indicates that the extremum co
sponds to a maximum.

The variational method, as it is presented here, unde
timates the constriction resistance, and this can be expla
as follows. If the exact solution for the temperature field
known, then all the earlier requirements in~30! are fulfilled,
and the absolute maximum value of the functional, sayJ* ,
can then be found. This quantity can be written as
e

t

e-

s-
ed

J* 5
Q2Rc*

2
, ~31!

whereRc* is the exact value for the thermal constriction r
sistance. In actual fact, the exact solution is not found, a
some reasonable approximate form for the temperatu
within fiber and matrix must be made. In the present tre
ment, the approximate solution does not satisfy the Eu
equations and,J attains a value somewhat less than the
solute maximum. The value of the functional evaluated us
these approximate forms is written as

J5
Q2Rc

2
. ~32!

SinceJ,J* it follows thatRc,Rc* so that a lower bound is
obtained for the constriction resistance.
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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A. Construction of the trial functions

Here, the temperatures are represented by the two s
forms

U~r ,z!5
Q

pb2kz
(
i 51

`

Fi~r !Zi~z!,

~33!

V~r ,z!5
Q

pb2kz
(
i 51

`

Gi~r !Zi~z!.

‘‘Guesses’’ for the functionsFi(r ), Gi(r ) are made, and
these functions are referred to as trial functions. In a hom
geneous solid, the trial functions are given across the en
heat pipe by the sequence of Bessel functionsJ0(l i r ) where
l i is a root ofJ1(l ib)50. In comparison, within the com
posite, there is a discontinuity at the interface. It is necess
to construct the solution from the piecewise continuous fu
tions Fi(r ), Gi(r ). These functions are ‘‘patched’’ togethe
at the interface so that they satisfy Eqs.~4a! and ~4b!. Once
a suitable set of trial functions is constructed, the series~33!
is used in~29!, and the integration over the radial coordina
is performed. This gives the functional in terms ofZi(z) and
its derivativeŻi(z) where the superior dot indicates differe
tiation. Essentially from that stage, Kantorovich’s method
used to find the functionsZi( i ) that render the functional a
maximum.

According to the requirement given previously in~13!,
the trial functions are formulated so that they contribute
net axial flow. The requirement that theith series term in
~33! causes no net flow is given by the condition

kfE
0

a

Fi~r !rdr 1kmE
a

b

Gi~r !rdr 50. ~34!

The trial functions are given the forms

Fi~r !5AK@r i~12 f !1J0~l i r !#,
~35!

Gi~r !5
1

AK
@2r i f 1J0~l i r !#,

wherel i are the roots of~22!. It is readily verified that these
functions lead to no net axial flow along the heat pipe, i
they satisfy the condition~34!. Moreover, the interface con
ditions ~4a! and ~4b! are satisfied ifr i is

r i5
kf2km

kz
J0~l ia!1

l iaJ1~l ia!

Bi
, ~36!

where Bi is a Biot number which is defined by

Bi[
ahkz

kfkm
. ~37!

In the case whereh becomes small, the quantityr i becomes
large in comparison withJ0(l i r ) so that the trial functions
lose their radial dependence. If the temperature variatio
both phases is to become negligible then Bif1Bim!1 and
this condition is commensurate with Bi!1. It is again em-
phasized that these trial functions are only guesses at
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actual behavior. The particular form has been chosen so
they yield the exact solution when the heat pipe is homo
neous.

These trial functions are used in the functional given
~29!, and the integration is performed in the radial directio
The coefficients, of the termsZiZj andŻi Ż j , are equal toa i j

andb i j , respectively. These coefficients are

kzb
2b i j

2
5kfE

0

a

Fi~r !F j~r !rdr 1kmE
a

b

Gi~r !Gj~r !rdr ,

~38a!

kza i j

2
5kfE

0

a

Ḟ i~r !Ḟ j~r !rdr 1kmE
a

b

Ġi~r !Ġj~r !rdr

1ahD iD j , ~38b!

where D i[Gi(a)2Fi(a) and D j[Gj (a)2F j (a). After
substituting the test functions in the functional and then
tegrating in the radial direction, it follows that, wheni 5 j ,
the coefficientsb i i anda i i are

b i i 5r i
2f ~12 f !12r i f F2J1~l ia!

l ia
G

1
kf

kz
@J0~l ib!#21

km2kf

kz
f $@J0~l ia!#21@J1~l ia!#2%,

~39a!

a i i 5l i
2b2H kf@J0~l ib!#2

kz
1

2 f @J1~l ia!#2

Bi J 1
l i

2a2~km2kf !

kz

3H @J0~l ia!#22
2J0~l ia!J1~l ia!

l ia
1@J1~l ia!#2J .

~39b!

In the case wheniÞ j the coefficients are

b i j 5r ir j f ~12 f !1 f F2r j J1~l ia!

l ia
1

2r iJ1~l ja!

l ja
G1

km2kf

kz

3F2al iJ1~l ia!J0~l ja!22al j J1~l ja!J0~l ia!

b2~l i
22l j

2! G ,
~40a!

a i j 5
2a2l il j J1~l ia!J1~l ja!

Bi
1

km2kf

kz

2l il i

l j
22l i

2

3@al iJ0~l ia!J1~l ja!2al j J0~l ja!J1~l ia!#. ~40b!

With these definitions the functional given in~29! can be
expressed, in terms ofZi(z) and its derivativeŻi(z), by the
forms

J52
Q2

pb2kz
F1

2 E0

`

(
i 51

`

(
j 51

` S a i j ZiZj

b2 1b i j Żi Ż j Ddz

2AK(
i 51

`

QiZi~0!G . ~41!

The quantitiesQi are found by considering the ‘‘work done’
at z50 and are equal to
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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Qi5
2p

QAK
FSfE

0

a

Fi~r !rdr 1SmE
a

b

Gi~r !rdr G
5r i~12 f !1

2J1~l ia!

l ia
. ~42!

The flux componentsSf andSm are given in Eq.~10!.
At this juncture, it is prudent to consider the availab

options to maximize the functional in~41!. The Ritz method,
which is the simplest technique, does not give the best
sults. In the Ritz method, a guess is made for the functio
and for the sake of discussion say thatZi(z) is

Zi~z!5
Cie

2l i z

l i
, ~43!

where l i are the roots of~22!. Using these functions, th
integral in ~41! can be evaluated, andJ is found as a func-
tion of the coefficients, i.e.,J(C1 ,C2 ,...). Setting]J/]Ci

50, it is possible to find the coefficientsCi which maximize
the functional. In general the heat pipe is inhomogeneo
and the function given in~43! may greatly differ from the
actual ~exact! behavior. The second option, which uses t
method of Kantorovich, is semi-analytical in the sense t
the exact functions,Z1(z), Z2(z) etc., that maximizeJ are
found. However, the solution is not completely analytic
because the trial functions,Fi(r ) and Gi(r ), are not exact.
Kantorovich’s method gives more accurate results than
Ritz’ method, and the expressions forZi(z) are valid for all
values of the thermal parametersK and Bi. In the subsequen
analysis, the first series term is presented. The two term
lution is somewhat longer, and is given in the Appendix.

B. Lower bound for the constriction resistance factor

Using only the first series term, the functional in Eq.~41!
reduces to the form

J152
Q2

pb2kz
F1

2 E0

`S a11Z1
2

b2 1b11Żi
2Ddz2AKQ1Z1~0!G .

Finding the functionZ1(z) that maximizes the functional is
standard problem in variational calculus.11 This function
must satisfy the Euler condition

d2Z1

dz2 2g1
2Z150, ~44!

where the eigenvalueg1 is

g15
1

b
Aa11

b11
. ~45!

The natural boundary condition, which is also necessary
maximize the functional, isb11Ż1(0)52AKQ1 . The solu-
tion to ~44!, satisfying this natural boundary condition, giv
the function
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Z1~z!5
Q1AK

b11

exp$2g1z%

g1

that causesJ1 to attain its maximum value. Finally, the con
striction resistance is

Rc5
Ū
Q

5
AKZ1~0!Q1

pb2kz
.

Upon removing the factorR` , the lower bound for the CRF
is

F15
3pkmAf

8kz
S Q1

Ab11
D 2

1

g1b
, ~46!

where the subscript ‘‘1’’ indicates the first term. If the he
pipe is homogeneous this expression forF1 reduces to the
first series term of the exact solution given in Eq.~27!. The
solution to findF2 , which proceeds along the same lines,
given in the Appendix.

VI. UPPER BOUND FOR THE CONSTRICTION
RESISTANCE

In deriving an upper bound for the constriction res
tance it is useful to consider the analogous problem in e
ticity where bounds for the compliance are found. To obt
a lower bound on the compliance, a strain field is specifi
This strain is uniform in Voigt’s model. The elastic energy
then found using this strain field and an effective stiffness
obtained. In Voigt’s model, the stiffest phase dominates
calculation, and in the case where there is a rigid phase
method fails. In contrast, an upper bound for the complia
can be found by specifying a stress field. This stress is u
form in Reuss’ model. The strain energy is found using t
stress. Reuss’ model is dominated by the most compl
phase, and in the case where there is a cavity, this me
fails. In the thermal problem, an upper bound for the co
striction resistance is obtained by specifying an appropr
flux field. This upper bound is not very useful when one
the phases has an inordinately high thermal resistance.
cifically, the case where the Biot number Bi!1 is trouble-
some.

To begin, let the flux components in the fiber be defin
asC r , Cz , and those in the matrix byV r , Vz , so that

S C r Cz

V r Vz
D 5S kfUr kfUz

kmVr kmVz
D .

The omission of the negative sign does not affect the sub
quent analysis. The flux components are considered as
variables and, following Arthurs,12 the HamiltoniansF, M
are defined as

F5
C r

21Cz
2

2kf
and M5

V r
21Vz

2

2km
.

The functional in Eq.~29! can be written in its canonica
form
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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J522pE
0

`F E
0

a

~C rUr1CzUz2F!rdr

1E
a

b

~V rVr1VzVz2M!rdr Gdz2pha

3E
0

`

@V~a,z!2U~a,z!#2dz12p

3F E
0

a

U~r ,0!Sfrdr 1E
a

b

V~r ,0!Smrdr G . ~47!

At this stage, the original functional can be recovered if
flux components are replaced with the temperature der
tives. On the other hand, if the temperaturesU andV can be
eliminated, the complementary functional, sayI, is obtained.
To obtain this complementary functional, the volume in
grals in ~47! are integrated by parts to obtain

I52pE
0

`S E
0

a

$U@~rC r !r1~rCz!z#1rF%dr

1E
a

b

$V@~rV r !r1~rVz!z#1rM%dr D dz

1paH E
0

`

@2VV r22UC r2h~V2U!2#dzJ
r 5a

22pbS E
0

`

VV rdzD
r 5b

12pF E
0

a

U~Cz1Sf !rdr

1E
a

b

V~Vz1Sm!rdr G
z50

. ~48!

In the first line, the coefficients ofU andV contained in the
@¯#, vanish if the divergence of the flux vanishes; this
analogous to stress equilibrium. The first term in the sec
line gives the boundary condition alongr 5a and equilib-
rium requires thatC r5V r . The interface boundary cond
tion, h(V2U)5C r , can then be used to replace the tempe
tures withC r . The second term requires that the adiaba
condition atr 5b must be satisfied ifV is to be eliminated.
The last line gives the boundary conditions atz50, and the
quantities in the@¯# vanish if the axial flux component
satisfy the applied boundary conditions. It should be no
that these requirements on the flux field are the natural c
ditions which are given in Eq.~30!. The complementary
functionalI is then found

I52pE
0

`F E
0

a C r
21Cz

2

2kf
rdr 1

aC r
2~a,z!

2h

1E
a

b V r
21Vz

2

2km
rdr Gdz5

Q2Rc

2
. ~49!

It is clear thatI is always positive and assumes its minimu
value when the flux components represent the exact solu
The exact minimum is equal to the quantityJ* 5Q2Rc* /2
which is given in ~31!. Since I.J* , it follows that Rc

.R* , and this functional can be used to obtain an up
bound for the constriction resistance.
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A flow field satisfying the requirements of Eq.~48! can
be found by the use of a suitably chosen Harmonic poten
function, say W(r ,z), which is taken in the form of a
Fourier–Bessel series

W~r ,z!5 (
n51

`

BnJ0~lnr !
e2l i z

l i
. ~50!

The insulated condition atr 5b is taken into account by
finding the rootsln so thatJ1(lnb)50. The flux compo-
nents are taken as

S C r Cz

V r Vz
D 5S Wr Wz

Wr Wz
D . ~51!

If the coefficientsBn are to satisfy the flux boundary cond
tion at z5L, as given in~12!, then they must satisfy

]W

]z U
L

52 (
n51

`

BnJ0~lnr !5H 2Sf ~0,r ,a!

2Sm ~a,r ,b!
. ~52!

Each side of this equation is multiplied byrJ0(lpr ). and
then integrated over 0,r ,b, to give the Fourier coefficients
Bn as

Bn5PmF 2J1~lna!

lnaJ0
2~lnb!G . ~53!

Using these definitions in Eq.~49!, the constriction resis-
tanceRc is

Rc5
2p

Q2 E
0

`F E
0

a Wr
21Wz

2

kf
rdr 1E

a

b Wr
21Wz

2

km
rdr

1
aWr

2~a,z!

h Gdz. ~54a!

Because¹2W50 it is possible to convert this volume inte
gral into a surface integral by the use of integration by pa
The result of this process is

Rc5
2p

Q2 FSfE
0

a W~r ,0!

kf
rdr 1SmE

a

b W~r ,0!

km
rdr G

1
2p

Q2 E
0

`FW~a,z!

kf
2

W~a,z!

km
1

Wr~a,z!

h G
3aWr~a,z!dz. ~54b!

The heat flow is continous and is given by the partial deri
tives of W. In comparison, the temperaturesU5W/kf , V
5W/km are discontinous acrossr 5a. According to the in-
terface condition, the temperatures should satisfy the co
tion h(V2U)5kfUr , and the second line in~54b! should~if
the solution is exact!, vanish. With the choice given forW in
~50! this ‘‘compatibility’’ condition is not in general fulfilled
so thatRc.Rc* . The exceptional case arises ifkf5km and
h5` and the expression forRc is then exact. After some
algebra, the expression in~54b! can be evaluated. Upon fac
toring outR` the CRF is

Fu5
km

kz
FF1

3p f

4 (
n51

`

(
i 51

`
AnrnAiJ1~l ia!

b2ln~ln1l i !
G , ~54c!
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whereF, An , and rn are given in~27!, ~23!, and ~36! re-
spectively. The subscript ‘‘u’’ indicates the upper bound, an
the accuracy of this bound is governed by how well the fl
field is approximated by the gradient ofW(r ,z). In some
situations, for example whenh→0, the flux distribution
given by q5“W is not very realistic and the bound is n
useful. No attempt has been made to correct the upper bo
of this defect.

VII. LIMITING CASES FOR EXTREME THERMAL
PROPERTIES

Before a discussion of the results, it is convenient
present the limiting behavior of the CFR corresponding
cases where the thermophysical properties attain extr
values.

A. Perfect thermal contact along the interface

When the interface is perfect, there are two limitin
cases corresponding to either very large, or very small,
ues of the conductivity ratioK. First, whenK→`, the radial
variation in the matrix temperature becomes negligible, a
it is reasonable to setU(a,z)50 as a condition atr 5a.
Moreover, asK→`, the flux boundary condition, Eq.~12!,
specifies thatkfUz52Sf→2Q/pa2. The functionU(r ,z)
under these conditions is then

U~r ,z!5
2Q

pa2kf
(
n51

`
J0~Lnr !

LnaJ1~Lna!

exp~2L iz!

Ln
, ~55!

where the eignevaluesLn are the roots ofJ0(Lna)50. At
z50 the average temperature rise of the fiber is equal tŪ
and the constriction resistance isRc5Ū/Q. After doing the
integration over 0,r ,a to find the average value, and fa
toring outR` , the limiting value for the CRF is

FK[ lim
K→`

F5
3p

2 (
n51

` S 1

LnaD 3

5
3p

2 S 1

2.40483
1

1

5.52013
1...D'0.38. ~56!

The second extreme situation occurs whenK→0. The limit-
ing value for the CRF can be found by noting that, far fro
the crack where the flow is purely axial, the ratio of t
matrix flux Qm to the total fluxQ is

Qm

Q
5

p~b22a2!Pm

Ppb2 5
K~12 f !

K~12 f !1 f
.

For any fixed value off, the conductivity ratioK can be taken
sufficiently small, so thatQm /Q'0. The limiting value of
the CRF is then

F0→0. ~57!

All the heat is then carried by the fiber and no readjustm
of the heat flow is required to cross the crack.

B. Asymptotic behavior of a weakly coupled interface

In the extreme case wherein the Biot number becom
sufficiently small, the radial temperature variation in bo
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phases becomes negligible, and the analysis can be red
to a one-dimensional problem. Assuming thatU and V are
functions only ofz, an elementary heat flow balance leads
the pair of equations

pa2S kf

d2U
dz2 D22pah~U2V!50,

p~b22a2!S km

d2V
dz2 D12pah~U2V!50.

It is readily verified that the solution to these equation
which satisfies the boundary condition~12!, is of the form

U~z!5
Sf

kf

exp~2gwz!

gw
,

V~z!5
Sm

km

exp~2gwz!

gw
,

where the decay rategw is

gw5
1

b
A 2Bi

f ~12 f !
.

The subscript ‘‘w’’ indicates ‘‘weak’’ coupling across the
fiber/matrix interface. The constriction resistance

Rc5
U~0!

Q
5

1

pbkz

~12 f !km

f kf
Af ~12 f !

2Bi
.

After factoring outR` , the CRF is found as

Fw5
3pkm~12 f !

8kz
A12 f

2Bi
. ~58!

This expression for the CRF represents the asymptotic
havior when the interface is weakly conducting. Accordi
to elementary books on heat transfer,13 the internal tempera-
ture variation can be neglected if the Biot number Bi,0.1.
This general prediction seems to be approximately true
subsequently shown.

VIII. NUMERICAL RESULTS AND DISCUSSION

Here some numerical results, obtained from the va
tional method, are compared with those obtained by L
The L.H. model yields the formula

FLH53pAFkm~12 f !

8kz
G3F41Bi f

Bi f
G . ~59!

The subscript ‘‘LH’’ denotes their model. In formulatin
their analysis, the radial variation in the matrix temperatu
was considered to be negligible. For this to be true, the th
mal resistance of the matrixRm'(12 f )/km , must be some-
what less than the sum of the fiber resistanceRf' f /kf , plus
the interface resistanceRi51/ha. Setting Rf1Ri>Rm ,
yields the result

K f

12 f
1

K

Bi
1

f

Bi~12 f !
>1. ~60!

As illustrated later, this inequality seems to give a reasona
estimate for the region of validity of the L.H. model.
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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A. Perfect thermal contact along the interface

To begin the discussion, a thermally perfect interface
considered. The Biot number, Bi→`, and the expression fo
FLH reduces to the simple form

FLH53pFkm~12 f !

8kz
G3/2

. ~61!

Figures 4~a!, 4~b!, and 4~c! show the behavior of all the
various estimates (FLH , F1 , F2 , andFu), as a function of
the volume fractionf. In practice, the volume fraction rarel
exceedsf 50.6 so the absissca is truncated at that va
Each figure corresponds to a given value ofK, and values of
K51, 10, and 0.1 are used. The dashed line showsFLH , the
thin solid line showsF1 , and the two heavy lines showF2 ,
Fu . The exact solutionF* , which is in the rangeF2<F*
<Fu , lies between the two heavy lines. For values of v
ume fraction in the range 0.1, f ,0.6, the bounds are fairly
close together so thatF* can be estimated to within a rela
tively small error.

Figure 4~a! shows the behavior of the CRF when th
conductivity ratioK51. The upper bound is identical to th
line N510 in Fig. 3. The lower bounds correspond to t
partial sums,N51 and 2 in Fig. 3. For values off .0.5 the
L.H. model is in reasonable agreement with the bounds
this is consistent with the inequality~60!.

Figure 4~b! shows the behavior of the CRF correspon
ing to K510. SinceK is fairly large, the radial variation in
the matrix temperature becomes relatively ‘‘flat’’ in com
parison with that of the fiber. According to~60!, the estimate
for FLH is valid whenf >1/9, and it is clear from the figure
that the expression forFLH is in reasonable agreement wi
the other estimates. The horizontal double-dashed l
shows the limiting valueFK which is described by Eq.~56!.

Figure 4~c! shows the behavior of the CRF correspon
ing to K50.1. SinceK is small, the radial variation within
the matrix becomes large in comparison with that of
fiber. The L.H. model does not give a good estimate of
CRF for the range off shown in the figure. Moreover, th
inequality ~60! suggests thatf .10/11 is required for the
L.H. model to give a reasonable estimate.

B. Imperfect thermal contact along the interface

Figures 5~a!, 5~b!, and 5~c! show the effect of the Biot
number upon the CRF. The volume fractionf 50.3, and val-
ues ofK51, 10 and 0.1 are used as labeled in the figur
The three solid lines represent the bounds, and whef
50.3 the two lower bounds almost coincide. As previou
discussed, the upper bound becomes inaccurate when B
comes small, and this appears to happen when Bi,1. The
dashed line shows the L.H. model and, according to the
equality ~60!, FLH is expected to be useful when the Bi
number is sufficiently small so that

Bi<
317K

723K
.

For K.7/3, the estimateFLH is expected to be reasonab
accurate for all values of Bi. The asymptotic behaviorFw is
shown by the straight double-dashed line, and, as expec
Downloaded 01 Feb 2008 to 128.111.74.179. Redistribution subject to AI
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the CRF tends to this asymptotic limit when Bi,0.1 or so. In
Fig. 5~a! the conductivity ratioK51, and the inequality pre-
dicts thatFLH is useful when Bi,2.5. In Fig. 5~b! the value
of K510 and the CRF given byFLH can barely be distin-

FIG. 4. Comparisons of the various bounds on the CRF, along with the L
model, when Bi5`. The following values of the conductivity ratio are use
~a! K51, ~b! K510, and~c! K50.1.
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guished from the solid lines. In Fig. 5~c! the conductivity
ratio K50.1 and the inequality predicts that the L.H. mod
is valid when Bi<0.55. The figure indicates that this is a
proximately true.

FIG. 5. Effect of the Biot number upon the CRF for composites with
volume factionf 50.3. The following values of the conductivity ratio ar
used:~a! K51, ~b! K510, and~c! K50.1.
Downloaded 01 Feb 2008 to 128.111.74.179. Redistribution subject to AI
l

IX. CONCLUDING REMARKS

It has been demonstrated that the thermal resistance
bridged crack can be obtained from a simple parallel resi
model, with one of the resistors representing the thermal
sistance of the gas phase within the crack and the othe
sistor representing the constriction resistance. The gas r
tance Rg is related to the various geometric and therm
properties in a straightforward manner as given in Eq.~17!.
Furthermore, the use of this parallel resistanceR gives re-
sults that are consistent with the analysis obtained by L.

Determination of the constriction resistance is consid
ably more challenging, and has been the main focus of
article. Upper and lower bound estimates have been obta
using an approach based on variational calculus, and em
sis has been placed on the analogy between problems inv
ing heat flow and elasticity in multiphase systems. Up
comparing the bounds with one another, and with other l
iting values of the constriction resistance, the two-term low
bound solution emerges as the most accurate over essen
the entire range of parameter values of interest~the notable
exception being the case where the fiber volume fraction
very small!. The one-term lower bound solution is somewh
simpler yet provides reasonable estimates over the en
range of conductivity ratios and Biot numbers when the fib
volume fraction is moderately high (f >0.2).

The solution for the constriction resistance stemm
from the model of L.H. is accurate within the domain pr
dicted by the approximate inequality~60!. Outside this do-
main the L.H. model can be in error by a significant amou
and hence the solutions presented in this article are requ
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APPENDIX: TWO TERM LOWER BOUND SOLUTION

Using two series terms, along with the definitions giv
above fora i j andb i j , the functional in~29!, after integration
over the radius, reduces to the form

J252
Q2

2pb2kz
E

0

` 1

b2 @a11Z1
2~z!12a12Z1~z!Z2~z!

1a22Z2
2~z!#dz2

Q2

2pb2kz
E

0

`

@b11Ż1
2~z!

12b12Ż1~z!Ż2~z!1b22Ż2
2~z!#dz

1
Q2

pb2kz
$AK@Q1Z1~0!1Q2Z2~0!#%. ~A1!

The problem of finding the two dependent variables,Z1(z)
and Z2(z), which maximizeJ2 is a standard problem in
P license or copyright; see http://jap.aip.org/jap/copyright.jsp
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variational calculus. In the range 0,z,`, these functions
must satisfy the Euler equations. In this case there are
coupled differential equations which are

b2b11Z̈11b2b12Z̈25a11Z11a12Z2 ,
~A2!

b2b12Z̈11b2b22Z̈25a12Z11a22Z2 .

Similarly, there are two natural boundary conditions az
50 which must be satisfied to maximize the function
These boundary conditions are

b11Ż1~0!1b12Ż2~0!52Q1AK,
~A3!

b12Ż1~0!1b22Ż2~0!52Q2AK.

Finally, the functionsZ1(z) and Z2(z) must be constructed
so that they decay asz→`.

To obtain the solution, it is noted that the differenti
equations in~A2! are linear with constant coefficients. It the
follows that forms, of the typeZ1(z)5Degz and Z2(z)
5Eegz, can represent a solution if the coefficients and
roots are appropriately chosen. Substituting these form
Eq. ~A2! yields the matrix equation

S b2g2b112a11 b2g2b122a12

b2g2b122a12 b2g2b222a22
D S D

E D5S 0
0D . ~A4!

For nonzero values ofD andE the rootsg must found so that
the determinant of the matrix vanishes. The two roots forg2

are found from the quadratic

b4g42b2g2B1C50, ~A5!

whereB andC are given by

B5
b11a221b22a1122b12a12

b11b222b12
2 ,

C5
a11a222a12

2

b11b222b12
2 .

There are four roots that occur as6g1 and 6g2 . These
roots are found from Eq.~A5!:

g1,2
2 5

B6AB224C

2b2 .

The labeling of the roots is such that subscripts correspon
the first and second eigenvalues, respectively, i.e.,g1,g2 .
If these roots are used in the matrix Eq.~A4! then the deter-
minant vanishes and the two equations are dependent.
implies that the ratio ofD to E is specified. Adding the two
rows gives

D@b2g2~b111b12!2~a111a12!#1E@b2g2~b121b22!

2~a121a22!] 50.

This condition can be satisfied upon setting,D5zF and E
5hF, where

z5@b2g2~b121b22!2~a121a22!#,
Downloaded 01 Feb 2008 to 128.111.74.179. Redistribution subject to AI
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h52@b2g2~b111b12!2~a111a12!#.

There are two values forz andh corresponding to the root
of g1 and g2 . Retaining the appropriate roots, so that t
temperature decays asz increases, the functionsZ1(z) and
Z2(z) are found as

Z1~z!5AKFFz1 exp~2g1z!

g1
1

Gz2 exp~2g2z!

g2
G ,

~A6!

Z2~z!5AKFFh1 exp~2g1z!

g1
1

Gh2 exp~2g2z!

g2
G .

Finally, the coefficientsF and G are found by using the
boundary conditions given in~A3!:

F5
Q1~h2b221z2b12!2Q2~h2b121z2b11!

~b11b222b12
2 !~h2z12h1z2!

,

~A7!

G5
2Q1~h1b221z1b12!1Q2~h1b121z1b11!

~b11b222b12
2 !~h2z12h1z2!

.

Thus, both the Euler conditions and the boundary conditi
are satisifed by settingZ1(z) and Z2(z) equal to the forms
given in ~A6!.

It can be shown, using integration by parts on~A1!, that
the constriction resistance is

Rc5
AK

pb2kz
@Z1~0!Q11Z2~0!Q2#. ~A8!

Upon removing the factorR` , the first two terms of the
constriction resistance factor are obtained

F25
3pkmAf

8kz
FF~Q1z11Q2h1!

g1b
1

G~Q1z21Q2h2!

g2b G .
~A9!

When the heat pipe is homegeous, this expression reduc
the first two terms of the exact solution given in Eq.~27!.

1A. G. Evans and F. W. Zok, J. Mater. Sci.29, 3857~1994!.
2D. P. H. Hasselman, A. Venkateswaran, M. Yu, and H. Tawil, J. Ma
Sci. 10, 1037~1991!.

3D. P. H. Hasselman, A. Venkateswaran, and H. Tawil, J. Am. Ceram. S
74, 1631~1991!.

4K. R. McDonald, J. R. Dryden, and F. Zok, J. Am. Ceram. Soc.~submit-
ted!.

5T. J. Lu and J. W. Hutchinson, Philos. Trans. R. Soc. London, Ser. A351,
595 ~1995!.

6H. Hatta and M. Taya, J. Appl. Phys.58, 2478~1985!.
7J. R. Dryden, Trans. CSME.7, 203 ~1983!.
8C. V. Madhusudana,Thermal Contact Conductance~Springer, New York,
1996!, p. 9.

9H. S. Carslaw and J. C. Jaeger,Conduction of Heat in Solids, 2nd. ed.
~Oxford University Press, Oxford, 1959!, p. 216.

10M. G. Cooper, B. B. Mikic, and M. M. Yovanovich, Int. J. Heat Mas
Transf.12, 279 ~1969!.

11R. Weinstock,Calculus of Variations~Dover, New York, 1996!, p. 32.
12A. M Arthurs, Complementary Variational Principles, 2nd. ed.~Oxford

University Press, Oxford, 1980!, p. 39.
13B. V. Karlekar and R. M. Desmond,Engineering Heat Transfer, 2nd. ed.

~West, St. Paul, 1977!, p. 103.
P license or copyright; see http://jap.aip.org/jap/copyright.jsp


