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Effective conductivity of partially sintered solids
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An analytical model to predict the effective conductivity of a partially sintered solid is presented. It
is based on an analysis of heat flow through a spherical particle embedded in a self-consistent
matrix. Determination of the effective conductivity reduces to solving an integral equation, and a
numerical solution of this equation is presented. In the limiting cases wherein the contact size is
either small or comparable to the particle size, approximate analytical results are obtained which
agree very well with the numerical solution. Furthermore, when pieced together, the two solutions
are found to describe the effective conductivity over the entire range of contact sizez004©
American Institute of Physics[DOI: 10.1063/1.1630360

I. INTRODUCTION For sufficiently small values of, the flow constriction
Oﬁhrough the solid contacts becomes severe and the heat flow
Is predominantly through the gas phase. On the other hand, it
has been shown by Batchefbthat whenkp> kg, the heat
Fl_ow through the gas phase is negligible. This condition is

There has been a considerable amount of research
rected toward predicting the effective thermal conductivity
of porous and granular solids!® In most of these
treatments; ' it has been assumed that contacts between par-".. ' - . . .
ticles are sufficiently small so that the constriction resistancé"’\‘t'Sf'ed in most partially sintered solids.

to heat flow corresponds to a contact spot separating two In_itially, the individua! SO“.d particles are approximately
infinite half spacesd! This treatment is reasonable in the Spherical. However, as sintering proceeds, the shape of each

analysis of granular solids where the contact areas deperR]artlcle becomes irregular. If the particles remain equiaxed, it

upon Hertzian mechanics. However, in the case of partiall)}S useful :ot_consmet_r Ia t_?_f]t reg|<|)n Fhat conta;mg ?]n average
sintered solids, the finite contact size must be taken into adcpPresentative particie. The analysis presented here IS con-

count. Although there have been two numerical stufiids cerned with analyzing the temperature field in this represen-
this p.roblem has received less attention ' tative test region, and then relating this field to obtain an

Here, a calculation of the self-consistent type, where th&Stimate for the effective conductivity. In a calculation of this

heat flow through a sphere embedded in a self-consisteYP®: neither the particle radiusnor the magnitud€ of the

matrix, is presented. No other shape for equiaxed particleg‘ermal gradient, affects the estimate kar Consequently, it

seems to offer any chance of an analytical solution. Similaﬁl‘f’ Sonvenlent o define dlmgns!onless variatlesZ/a, and
to the calculation done by Argento and Bouvarde take e=Te/Ca. Using these definitions,
two contacts per sphere. These two caps are held at a self- T,
consistent temperature, and the remaining portion of the e=Ca % (N
sphere surface is adiabatic.

From this point onward in the article, all spatial variables and
II. PRELIMINARY COMMENTS temperatures are dimensionless.

From a macroscopic viewpoint, the porous solid is iso-
tropic with respect to heat flow and its effective conductivity
is ke . Consequently, only heat flow in one direction needs tdll. TEMPERATURE WITHIN THE TEST PARTICLE

be analyzed. Here, heat flow in tEedirection is considered,
and the apparent temperature is writenZas-CZ. On a To make the problem tractable, the shape of the test par-

finer scale, the microstructure is nonuniform, and flow paticle is taken as being a sphere having a radius equal fto

tern is tesellated. In the simplest case, there are two phase4€W of the spatial scaling, the sphere has a dimensionless
Solid particles with thermal conductivity, and a gas phase _unlt rqdlus, and the dlm_enspnless tempgrqture in the particle
with thermal conductivityk, . A typical particle has a portion 'S designated byr. For simplicity, the origin is placed at the

of its surface surrounded by gas with the remainder of itenter of the particle. Spherical coordinatest) are used
surface being in contact with its nearest neighbors.Abe ~ Wherer is the distance from the center of the sphere aiel

equal to the ratio of the contact radius to solid particle radiusth® angle measured from tzeaxis. The temperaturé must
satisfy Laplace’s equation
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T,-2 Hn=2n ®

1
Adiabatic A= 5 (9)

The relations in Eqgs(6) and (7) are referred to as triple
series relation$?*® The adjective “triple” arises from the
fact that there are three different zonés: a>6=0, (ii)
z2=0 B>6>a, and (iii) m=6>pB. These mixed boundary value

B=r—o problems are generally more difficult than the standard prob-
lems where there is only a single condition over the entire
surface. The aim is to find the coefficiertig that satisfy the
triple relations.

Owing to the symmetry of the present problem, the tem-
perature is antisymmetric with respect to the plase0 so
that the Legendre coefficien®,, C,, C4,*--C,, must van-
ish. As described by Collin€in order to determine the Leg-

1Ta =z endre coefficients, it is necessary to wi@g=A,+ B, and it
follows that

FIG. 1. Spherical test particle where the polar caps are symmetrical, ie., C,=A,+B, andB,=-(—1)"A,. (10
B=m—a so that the temperature is an odd functiorzof

The triple relations in Eq96) and (7) are written as

The test particle is shown in Fig. 1, and on the surface, =

=1, the following boundary conditions are imposed. Within >} (A,+B,)(1+H,)P,(cosf)=0 (a>6=0), (11
the equatorial region, i.eq<#<g, there is no radial flow n=0

and the boundary condition is then

©

ZO An(1+2n)P,(cosf) —3\P,(cos®) =0 (m=6>a),
(12)

aT p 3

o0 (B>0>a). 3

The apparent overall temperatufe=z, and the surface of

the sphere corresponds ze- cosé. Therefore, on the north

and south polar caps subtending the cone of anglett?e nZO Bn(1+2n)Py(cosd) —3APy(cosf)=0 (B>6=0),

boundary condition (13
T=cosf (a>60=0,m7=06>p), (4)

©

is imposed. The temperature in the test sphere is written i (A,+B,)(1+H,)P,(cosf)=0 (7=6>p). (14
the form n=0

The coefficientsAy, By are not equal to zero so that the
lower limit on the summation has been changed. To avoid
objection over the possibility of division by zero, the term
where the term®,(cos6) are Legendre’s polynomials. The H,=1; this definition is inconsequential becausg+ B,
temperature is an odd function afso that only the terms, —q. Owing to the symmetry of the problem, only the first
n=135;-- are taken. The expression fof satisfies two equationgEgs.(11) and(12)] need to be considered.
Laplace’s equation, and the coefficieit are found using It is known that the Legendre polynomials can be repre-
the two boundary conditions that are prescribed above. Usingented by the Mehler—Dirichlet integrals

these two boundary conditions, it is found that the coeffi-

“ 1+2n
T=rP,(cos6)— >, —— CaPy(coso)r™, (5)
n=1

cientsC, must satisfy the following conditions: J2 (6 cog(n+1/2)t]dt
- P,(cosf)=— , 15
(Cos=" Jico Jcost—cos# (19
> Ch(1+H,)P,(cos®)=0 (a>0=0m=0>p)
n=1
(6) :E = sin(n+1/2)t]dt 8

™ Jt=0 +/COSH— CcOSt

The representation foP,(cosé) in Eq. (15) is used in Eq.
(@) (11 and, after interchanging the order of integration and
where the various coefficients are defined by summation, it follows that

M ¢

) Ch(1+2n)P,(cosh)=6NP,(cosh) (B>60>a),

=3
I
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> The kernelJ(u,t)=K(t—u)+K(t+u) andK(¢) is

o dt
—_— An+By)(1+H
J't=0\/COSt—COSl9 { n§=:o ( " n)( n)

- 1
K(§)=2 {(—1>“—Hn[1—<—1>“]}cos{ n+ > f}
Xcogn+ 1/2)t] =0. a7
= %[2 set€§ +wsin§ +cos(§ In| tar? g)“
Similarly, the representation fd?,(cosé) in Eq.(16) is used
in Eq. (12) and, after interchanging the order of integration (29
and summation, it follows that The closed forms for the infinite summations in E2f) can

be found from the results given in standard tabfesor
general values aof, the functionj(t) can only be found by a

f ™ dt
t=0+/C0SO— cost numerical treatment.

w0 To summarize this section, the functipft) is a solution

« ﬂ{ S A, cogn+1/2)t—\ cos 3/2H -0 (18) of the integral Eq(24). The coefficientsA,, are then found
dt| 7o " from Eqg. (22) and the odd Legendre—Fourier series coeffi-
cientsC,,,.1=2A,,.1. Finally, these coefficients are used

Equationg17) and(18) can be solved using Eg&.3.5 and in Eq. (5) to find the temperature.

(2.3.6 in Ref. 13. In both cases, the quantities within the
{---} must vanish. In Eq(18), the portion within[---]=D
and the constard =0; this follows by noting that the ex- v powEgR EQUIVALENT CONDUCTIVITY

pression within---] vanishes at= 7. Thus, the two results
On the macroscopic level, the dimensionless apparent

- B temperature, To=2z, is given in Eg. (1). The thermal
,120 (AntBp)(1+Hp)cog (n+1/9t]=0  (a>t=0), “power” P (which here has the same units as the conductiv-
19 ity), expended within the test volumé is expressed by the
(19
integral

> A,cod(n+1/2t]—Acog3t/2)=0 (7=t>a),
n=0
(20)
are obtained. Here, the coefficiefs} is found and once this
is known the other two coefficient§,,,, B,, can be found by

use of Eq.(10). To find A,, an unknown function(t) is
defined as follows

i A COS{ n+1)t}:(7xcos(3t/2)—j(t)/2 (a>1=0) szfv gradT - gradTdV,
=0 2 \ cog3t/2) (r=t>a)’ s

(21)  whereV =4m/3 is the dimensionless volume of the sphere.
Upon equating these two expressions f@r the power
equivalent thermal conductivity is

P=ke J’ gradT.-gradT .dV=Kk.V.
\Y

The test volumé/ is comprised of two phases and, if there is
negligible flow through the gas phase, therns due to the
power expended in the solid sphere. The poWecan be
alternatively written as

The functions cos(+1/2)t are orthogonal over the interval
(0=<t=m) and thus the coefficierk, is

. ) ke=kfo, (26)
A=\, — ;f j(u)cos{ n+ 5) u|du, (22)  wheref=V,/V is the volume fraction of solid, and the con-
u=0 ductances is defined as
whered;,=0 whenn# 1. Expression$21) and(10) are then 1
substituted into Eq(19) to obtain o=y gradT - gradTdV. (27)
s J Vg
i(+2> Ad(—1)"—H [1_(_1)n]}cof{ n+ 1 t} The conductance is equal to the average squared magni-
a0 " " 2 tude of the temperature gradient within the sphere. In this

3t expression, the volume integral can be converted to an inte-
=2\ cos{ _)_ (23)  gral over the surface of the sphere by the use of the diver-

2 gence theorem. In view of the boundary conditions in Egs.

Using the expression fok,, and interchanging the order of (3) and(4), along with the orthogonal nature of the Legendre

summation and integration, E4) is found for the deter- polynomials, it follows after substituting the series in E5).
mination ofj(t): into the surface integral that=1—-3C,. The coefficient

C,=2A; and using the expression fdy; in Eq. (22), the

1 (a : i
j(t)=cog3t/2) + ;f J(WJ(u,tydu expression fotr is found as
0

6 ([« | 3u
o= —f J(u)cos(—
where (a>t=0). (24) T Ju=0 2
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B o T e As discussed later, this represents the half-space approxima-
tion, and is shown in Fig. 2.

1.0 L o— O —O——& B. Approximate solution for o when a>1

For larger values o, the integral equation is not ame-
nable to an iterative solution of the type described above. On
the other hand, when becomes large, the perturbation of
the heat flow from the uniform flux is not very severe and it
is possible to find fairly accurate approximate solutions.

B To begin, it is known from the theory of variational cal-
L culus that a lower bound far can be obtained by suitable
I mathematical manipulation of the functional given in Eq.

(27). To obtain this bound it is necessary to find a vector, say
s, that has its divergence equal to zero, and also has no com-
ponent crossing=1 in the region3>6>a. This vector can
00 g—r—vr+—F—+———————— be obtained as the gradient of a functierand the function

0.0 05 1.0 1.5 is harmonic so thaWV?F=0. Such a function can be ex-

Angle, o pressed as a Legendre—Fourier series

| Halt-Space

Conductance, ¢
o
15,
1

FIG. 2. The conductance as a function of the cap angte The symbolsD o
are obtained by numerical integratidiThe solid line labeled “smalk” is E= 2
obtained from Eq.(30). The results of Eq(31) represent the half-space =0
approximation. Finally, the dashed line labeled “larg® represents the
prediction of Eq.(36)].

4n+3

1 I2n+1P2n+1(cOSO)r2" 1, (32

The coefficientsl,,,,; are chosen so thdt satisfies the
boundary conditions

To evaluate this conductance, the functidm) is found by c0s6 a>6>0

numerically solving the integral Eq24) for the following IF
ten values of: /20, 27/20, 37/20; - -7/2. For each value of i 0 B>6>a. (33
a, the region B<u< « is subdivided into 60 segmen(his is cosf m>6>p

found to give sulfficiently accurate resyltend a set of 60

linear equations is generated using E2¢). This set of 60 To satisfy this boundary condition, the coefficiehss, , are
equations is then solved to findt) at the discrete incre- expressed by the integrals

ments;t=tq,t,, - -tgg, within the interval 6<t<a. The val-

ues,j(tq),j(ts), -j(tso), are then used to evaluateand the s 1= f“ (34)

- P cosf)cosh sinfdé.
results are shown by the symbols in Fig. 2. 0 2n+1( )

According to standard treatmefitthe lower bound foi is

found by suitable mathematical manipulation upon the func-
If a is small, the integral equation is amenable to antional given in Eq(27). After doing these manipulations, and

iterative solution. Using the expression fdt) given in Eq.  using the divergence theorem, the bound dois given by

A. Approximate solution for o when a<1

(24), the conductance can be rewritten as the following integral which is evaluated on the spherical
3 sin 30[] surfacer =1,
o=—ja+
a 3 a
0'=f (6T,—3F)cosfsingdé,
6 a ([« . 3t 0
+—Zf f J(u,t)j(u)cog = |dudt. (29 (35)
w2 Jo Jo 2 oo
4n+3| ,
When a becomes sufficiently small, the functiop(u) :6|1_3n§=‘40 on+1/ ' 2n+1

~co0s(31/2), and the kernel can be approximated by its sin-
gular portion J(u,t)~Inju*~t?/2. Neglecting the higher- Whena— /2, the summation can be represented by its first

order terms, the conductance is term and the estimate fer reduces to the simple expression
3 sin3a  a?lna?
o~ _[ o + ] (30) o~1-cof a. (36)
T 3 T

As shown in Fig. 2, this estimate foris reasonably accurate 1NiS bound can be improved by multiplyirigby a constant

for values ofw<1. In the limit whena<1, the estimate for 52D and then adjusting this constant so as to maximize
reduces to linear equation However, whem~m/2, this refinement does not make much
improvement to the estimate far. The behavior of this
6a bound is shown in Fig. 2 and, for large valuesdfit is in

T (3Y) very good agreement with the numerical results.

Downloaded 01 Feb 2008 to 128.111.74.179. Redistribution subject to AIP license or copyright; see http://jap.aip.org/jap/copyright.jsp



160 J. Appl. Phys., Vol. 95, No. 1, 1 January 2004 J. R. Dryden and F. W. Zok

V. DISCUSSION AND CONCLUSIONS has been considered. The conductamckepends on the neck
In a real material, each particle is surrounded on averaggrOWth’ whereas the volume fractibrlepends on the degree

by N nearest neighbors andis the average cap angle of the of densification. Ashb¥? points out that there are six distin-

contacts. According to their outward normal, these contactgu'Sh"’lble sintering mechamsm.s, all causing nec.k.gro_wth. In
o . . L S contrast, only some of mechanisms lead to densification. Al-
can be partitioned into six different directions(i,j,k). In

. though obtaining a general relationship betweeandf is
the analysis presented here, the cap angie expressed by beyond the scope of this article, a few remarks are possible.

a=aN/6. When the contacts are very small in comparisonFirst during the early stages of sintering there is only neck
with the size of the particles, the conductance is given by Eq ’ g y stag 9 y

_— : L ..~ growth while thef remains constant. Second, at later stages
(31), ando= aN/ 7. The effective conductivity is then writ of sintering, corresponding in the analysis de-m/2, the

ten as o conductanceo~1. The effective conductivity is then ap-
_kaa proximately given ak.=kf and the model reduces to the
e o (37 Jaw of mixtures. In almost fully dense sintered solids, the

L . . porosity exists as isolated spheres and the effective thermal
This is the same result for the effective conductivity that hasconductivity is better described using Maxwelf'stimate
previously been deduced by Batchelor and O’Bfiéks the

x _instead of the law of mixtures.
cap anglex increases, the conductance becomes a nonlinear

function of @ ando is given approximately by either E¢30)
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