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An analytical model to predict the effective conductivity of a partially sintered solid is presented. It
is based on an analysis of heat flow through a spherical particle embedded in a self-consistent
matrix. Determination of the effective conductivity reduces to solving an integral equation, and a
numerical solution of this equation is presented. In the limiting cases wherein the contact size is
either small or comparable to the particle size, approximate analytical results are obtained which
agree very well with the numerical solution. Furthermore, when pieced together, the two solutions
are found to describe the effective conductivity over the entire range of contact sizes. ©2004
American Institute of Physics.@DOI: 10.1063/1.1630360#

I. INTRODUCTION

There has been a considerable amount of research di-
rected toward predicting the effective thermal conductivity
of porous and granular solids.1–10 In most of these
treatments,3–7 it has been assumed that contacts between par-
ticles are sufficiently small so that the constriction resistance
to heat flow corresponds to a contact spot separating two
infinite half spaces.11 This treatment is reasonable in the
analysis of granular solids where the contact areas depend
upon Hertzian mechanics. However, in the case of partially
sintered solids, the finite contact size must be taken into ac-
count. Although there have been two numerical studies,9,10

this problem has received less attention.
Here, a calculation of the self-consistent type, where the

heat flow through a sphere embedded in a self-consistent
matrix, is presented. No other shape for equiaxed particles
seems to offer any chance of an analytical solution. Similar
to the calculation done by Argento and Bouvard,9 we take
two contacts per sphere. These two caps are held at a self-
consistent temperature, and the remaining portion of the
sphere surface is adiabatic.

II. PRELIMINARY COMMENTS

From a macroscopic viewpoint, the porous solid is iso-
tropic with respect to heat flow and its effective conductivity
is ke . Consequently, only heat flow in one direction needs to
be analyzed. Here, heat flow in theZ direction is considered,
and the apparent temperature is written asTe5CZ. On a
finer scale, the microstructure is nonuniform, and flow pat-
tern is tesellated. In the simplest case, there are two phases:
Solid particles with thermal conductivityk, and a gas phase
with thermal conductivitykg . A typical particle has a portion
of its surface surrounded by gas with the remainder of its
surface being in contact with its nearest neighbors. Letr be
equal to the ratio of the contact radius to solid particle radius.

For sufficiently small values ofr, the flow constriction
through the solid contacts becomes severe and the heat flow
is predominantly through the gas phase. On the other hand, it
has been shown by Batchelor,4 that whenkr@kg , the heat
flow through the gas phase is negligible. This condition is
satisfied in most partially sintered solids.

Initially, the individual solid particles are approximately
spherical. However, as sintering proceeds, the shape of each
particle becomes irregular. If the particles remain equiaxed, it
is useful to consider a ‘‘test’’ region that contains an average
representative particle. The analysis presented here is con-
cerned with analyzing the temperature field in this represen-
tative test region, and then relating this field to obtain an
estimate for the effective conductivity. In a calculation of this
type, neither the particle radiusa nor the magnitudeC of the
thermal gradient, affects the estimate forke . Consequently, it
is convenient to define dimensionless variablesz[Z/a, and
Te[Te /Ca. Using these definitions,

Te[
Te

Ca
5z. ~1!

From this point onward in the article, all spatial variables and
temperatures are dimensionless.

III. TEMPERATURE WITHIN THE TEST PARTICLE

To make the problem tractable, the shape of the test par-
ticle is taken as being a sphere having a radius equal toa. In
view of the spatial scaling, the sphere has a dimensionless
unit radius, and the dimensionless temperature in the particle
is designated byT. For simplicity, the origin is placed at the
center of the particle. Spherical coordinates (r ,u) are used
wherer is the distance from the center of the sphere andu is
the angle measured from thez axis. The temperatureT must
satisfy Laplace’s equation

¹2T50. ~2!a!Electronic mail: zok@engineering.ucsb.edu
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The test particle is shown in Fig. 1, and on the surface,r
51, the following boundary conditions are imposed. Within
the equatorial region, i.e.,a,u,b, there is no radial flow
and the boundary condition is then

]T

]r
50 ~b.u.a!. ~3!

The apparent overall temperatureTe5z, and the surface of
the sphere corresponds toz5cosu. Therefore, on the north
and south polar caps subtending the cone of angle 2a, the
boundary condition

T5cosu ~a.u>0,p>u.b!, ~4!

is imposed. The temperature in the test sphere is written in
the form

T5rP1~cosu!2 (
n51

`
112n

n
CnPn~cosu!r n, ~5!

where the termsPn(cosu) are Legendre’s polynomials. The
temperature is an odd function ofz so that only the terms,
n51,3,5,̄ are taken. The expression forT satisfies
Laplace’s equation, and the coefficientsCn are found using
the two boundary conditions that are prescribed above. Using
these two boundary conditions, it is found that the coeffi-
cientsCn must satisfy the following conditions:

(
n51

`

Cn~11Hn!Pn~cosu!50 ~a.u>0,p>u.b!

~6!

(
n51

`

Cn~112n!Pn~cosu!56lP1~cosu! ~b.u.a!,

~7!

where the various coefficients are defined by

Hn5
1

2n
, ~8!

l5
1

6
. ~9!

The relations in Eqs.~6! and ~7! are referred to as triple
series relations.12,13 The adjective ‘‘triple’’ arises from the
fact that there are three different zones:~i! a.u>0, ~ii !
b.u.a, and ~iii ! p>u.b. These mixed boundary value
problems are generally more difficult than the standard prob-
lems where there is only a single condition over the entire
surface. The aim is to find the coefficientsCn that satisfy the
triple relations.

Owing to the symmetry of the present problem, the tem-
perature is antisymmetric with respect to the planez50 so
that the Legendre coefficientsC0 , C2 , C4 ,¯C2n must van-
ish. As described by Collins,12 in order to determine the Leg-
endre coefficients, it is necessary to writeCn5An1Bn and it
follows that

Cn5An1Bn and Bn52~21!nAn . ~10!

The triple relations in Eqs.~6! and ~7! are written as

(
n50

`

~An1Bn!~11Hn!Pn~cosu!50 ~a.u>0!, ~11!

(
n50

`

An~112n!Pn~cosu!23lP1~cosu!50 ~p>u.a!,

~12!

(
n50

`

Bn~112n!Pn~cosu!23lP1~cosu!50 ~b.u>0!,

~13!

(
n50

`

~An1Bn!~11Hn!Pn~cosu!50 ~p>u.b!. ~14!

The coefficientsA0 , B0 are not equal to zero so that the
lower limit on the summation has been changed. To avoid
objection over the possibility of division by zero, the term
H0[1; this definition is inconsequential becauseA01B0

50. Owing to the symmetry of the problem, only the first
two equations@Eqs.~11! and ~12!# need to be considered.

It is known that the Legendre polynomials can be repre-
sented by the Mehler–Dirichlet integrals

Pn~cosu!5
A2

p E
t50

u cos@~n11/2!t#dt

Acost2cosu
, ~15!

5
A2

p E
t50

p sin@~n11/2!t#dt

Acosu2cost
. ~16!

The representation forPn(cosu) in Eq. ~15! is used in Eq.
~11! and, after interchanging the order of integration and
summation, it follows that

FIG. 1. Spherical test particle where the polar caps are symmetrical, i.e.,
b5p2a so that the temperature is an odd function ofz.
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E
t50

u dt

Acost2cosu
H (

n50

`

~An1Bn!~11Hn!

3cos~n11/2!tJ 50. ~17!

Similarly, the representation forPn(cosu) in Eq. ~16! is used
in Eq. ~12! and, after interchanging the order of integration
and summation, it follows that

E
t50

p dt

Acosu2cost

3H d

dt F (n50

`

An cos~n11/2!t2l cos 3t/2G J 50. ~18!

Equations~17! and~18! can be solved using Eqs.~2.3.5! and
~2.3.6! in Ref. 13. In both cases, the quantities within the
$¯% must vanish. In Eq.~18!, the portion within@¯#5D
and the constantD50; this follows by noting that the ex-
pression within@¯# vanishes att5p. Thus, the two results

(
n50

`

~An1Bn!~11Hn!cos@~n11/2!t#50 ~a.t>0!,

~19!

(
n50

`

An cos@~n11/2!t#2l cos~3t/2!50 ~p>t.a!,

~20!

are obtained. Here, the coefficientAn is found and once this
is known the other two coefficients,Cn , Bn can be found by
use of Eq.~10!. To find An , an unknown functionj (t) is
defined as follows

(
n50

`

An cosF S n1
1

2D t G5H l cos~3t/2!2 j ~ t !/2 ~a.t>0!

l cos~3t/2! ~p>t.a!
.

~21!

The functions cos(n11/2)t are orthogonal over the interval
(0<t<p) and thus the coefficientAn is

An5ld1n2
1

p E
u50

a

j ~u!cosF S n1
1

2DuGdu, ~22!

whered1n50 whennÞ1. Expressions~21! and~10! are then
substituted into Eq.~19! to obtain

j ~ t !12(
n50

`

An$~21!n2Hn@12~21!n#%cosF S n1
1

2D t G
52l cosS 3t

2 D . ~23!

Using the expression forAn , and interchanging the order of
summation and integration, Eq.~24! is found for the deter-
mination of j (t):

j ~ t !5cos~3t/2!1
1

p E
0

a

j ~u!J~u,t !du

where ~a.t>0!. ~24!

The kernelJ(u,t)5K(t2u)1K(t1u) andK(j) is

K~j!5 (
n50

`

$~21!n2Hn@12~21!n#%cosF S n1
1

2D jG
5

1

4 H 2 secS j

2D1p sinUj2U1cosS j

2D lnF tan2S j

2D G J .

~25!

The closed forms for the infinite summations in Eq.~25! can
be found from the results given in standard tables.14 For
general values ofa, the functionj (t) can only be found by a
numerical treatment.

To summarize this section, the functionj (t) is a solution
of the integral Eq.~24!. The coefficientsAn are then found
from Eq. ~22! and the odd Legendre–Fourier series coeffi-
cientsC2n1152A2n11 . Finally, these coefficients are used
in Eq. ~5! to find the temperature.

IV. POWER EQUIVALENT CONDUCTIVITY

On the macroscopic level, the dimensionless apparent
temperature,Te5z, is given in Eq. ~1!. The thermal
‘‘power’’ P ~which here has the same units as the conductiv-
ity!, expended within the test volumeV is expressed by the
integral

P5keE
V

gradTe•gradTedV5keV.

The test volumeV is comprised of two phases and, if there is
negligible flow through the gas phase, thenP is due to the
power expended in the solid sphere. The powerP can be
alternatively written as

P5kE
Vs

gradT•gradTdV,

whereVs54p/3 is the dimensionless volume of the sphere.
Upon equating these two expressions forP, the power
equivalent thermal conductivity is

ke5k fs, ~26!

where f 5Vs /V is the volume fraction of solid, and the con-
ductances is defined as

s5
1

Vs
E

Vs

gradT•gradTdV. ~27!

The conductances is equal to the average squared magni-
tude of the temperature gradient within the sphere. In this
expression, the volume integral can be converted to an inte-
gral over the surface of the sphere by the use of the diver-
gence theorem. In view of the boundary conditions in Eqs.
~3! and~4!, along with the orthogonal nature of the Legendre
polynomials, it follows after substituting the series in Eq.~5!
into the surface integral thats5123C1 . The coefficient
C152A1 and using the expression forA1 in Eq. ~22!, the
expression fors is found as

s5
6

p E
u50

a

j ~u!cosS 3u

2 Ddu. ~28!
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To evaluate this conductance, the functionj (t) is found by
numerically solving the integral Eq.~24! for the following
ten values ofa: p/20, 2p/20, 3p/20,̄ p/2. For each value of
a, the region 0,u,a is subdivided into 60 segments~this is
found to give sufficiently accurate results!, and a set of 60
linear equations is generated using Eq.~24!. This set of 60
equations is then solved to findj (t) at the discrete incre-
ments,t5t1 ,t2 ,¯t60, within the interval 0,t,a. The val-
ues,j (t1), j (t2),¯ j (t60), are then used to evaluates and the
results are shown by the symbols in Fig. 2.

A. Approximate solution for s when aË1

If a is small, the integral equation is amenable to an
iterative solution. Using the expression forj (t) given in Eq.
~24!, the conductance can be rewritten as

s5
3

p H a1
sin 3a

3 J
1

6

p2 E0

aE
0

a

J~u,t ! j ~u!cosS 3t

2 Ddudt. ~29!

When a becomes sufficiently small, the functionj (u)
'cos(3u/2), and the kernel can be approximated by its sin-
gular portion J(u,t); lnuu22t2u/2. Neglecting the higher-
order terms, the conductance is

s;
3

p H a1
sin 3a

3
1

a2 ln a2

p J . ~30!

As shown in Fig. 2, this estimate fors is reasonably accurate
for values ofa,1. In the limit whena!1, the estimate fors
reduces to linear equation

s;
6a

p
. ~31!

As discussed later, this represents the half-space approxima-
tion, and is shown in Fig. 2.

B. Approximate solution for s when aÌ1

For larger values ofa, the integral equation is not ame-
nable to an iterative solution of the type described above. On
the other hand, whena becomes large, the perturbation of
the heat flow from the uniform flux is not very severe and it
is possible to find fairly accurate approximate solutions.

To begin, it is known from the theory of variational cal-
culus that a lower bound fors can be obtained by suitable
mathematical manipulation of the functional given in Eq.
~27!. To obtain this bound it is necessary to find a vector, say
s, that has its divergence equal to zero, and also has no com-
ponent crossingr 51 in the regionb.u.a. This vector can
be obtained as the gradient of a functionF and the function
is harmonic so that¹2F50. Such a function can be ex-
pressed as a Legendre–Fourier series

F5 (
n50

` H 4n13

2n11J I 2n11P2n11~cosu!r 2n11. ~32!

The coefficientsI 2n11 are chosen so thatF satisfies the
boundary conditions

]F

]r
5H cosu a.u.0

0 b.u.a

cosu p.u.b

. ~33!

To satisfy this boundary condition, the coefficientsI 2n11 are
expressed by the integrals

I 2n115E
0

a

P2n11~cosu!cosu sinudu. ~34!

According to standard treatment,15 the lower bound fors is
found by suitable mathematical manipulation upon the func-
tional given in Eq.~27!. After doing these manipulations, and
using the divergence theorem, the bound fors is given by
the following integral which is evaluated on the spherical
surfacer 51,

s5E
0

a

~6Te23F !cosu sinudu,

~35!

56I 123(
n50

` H 4n13

2n11J I 2n11
2 .

Whena→p/2, the summation can be represented by its first
term and the estimate fors reduces to the simple expression

s;12cos6 a. ~36!

This bound can be improved by multiplyingF by a constant
sayD and then adjusting this constant so as to maximizes.
However, whena'p/2, this refinement does not make much
improvement to the estimate fors. The behavior of this
bound is shown in Fig. 2 and, for large values ofa, it is in
very good agreement with the numerical results.

FIG. 2. The conductances as a function of the cap anglea. The symbolss
are obtained by numerical integration.@The solid line labeled ‘‘smalla’’ is
obtained from Eq.~30!. The results of Eq.~31! represent the half-space
approximation. Finally, the dashed line labeled ‘‘largea’’, represents the
prediction of Eq.~36!#.
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V. DISCUSSION AND CONCLUSIONS

In a real material, each particle is surrounded on average
by N nearest neighbors andā is the average cap angle of the
contacts. According to their outward normal, these contacts
can be partitioned into six different directions6( î , ĵ ,k̂). In
the analysis presented here, the cap anglea is expressed by
a[āN/6. When the contacts are very small in comparison
with the size of the particles, the conductance is given by Eq.
~31!, ands5āN/p. The effective conductivity is then writ-
ten as

ke5
k f Nā

p
. ~37!

This is the same result for the effective conductivity that has
previously been deduced by Batchelor and O’Brien.4 As the
cap anglea increases, the conductance becomes a nonlinear
function ofa ands is given approximately by either Eq.~30!
or ~36!.

The present analysis can be related to a unit-cell treat-
ment where the particles are arranged in a simple cubic array.
Whena!1, the spherical particles are barely touching each
other and the volume fraction,f 5p/6, then corresponds to
simple cubic packing of spheres. Furthermore, according to
Eq. ~31!, the limiting behavior of the conductance is given
by s;6a/p so that the effective conductivity iske5k fs
;kea. Now, consider the vertical flow of heat through a
simple cubic array. Taking symmetry into account, the four
lateral faces are adiabatic while the top and bottom cube
faces are isothermal. Thus, whena!1, each isothermal con-
tact has a radius approximately equal toa, and, neglecting
the curvature of the sphere, the total constriction resistance is
Rc51/2ka. The unit-cell cube has dimensions 23232, and
if its conductivty iske then its resistance isRe51/2ke . Upon
equating these two resistances, it follows thatke5ka and
this is in agreement with the treatment given here.

As sintering progresses the size of the necks between
neighboring particles increases. In the unit-cell model the
particle shape has cubic symmetry; the initially spherical par-
ticle acquires six facets corresponding to the cube faces.
There is no analytical method for deducing the thermal field
in such a truncated shape, and it is necessary to resort to a
numerical solution. Selecting a spherical test particle has the
advantage that it allows a semianalytic solution for the ther-
mal field.

The effective conductivity in Eq.~26! has the simple
form ke5k fs, and up to this point, only the behavior ofs

has been considered. The conductances depends on the neck
growth, whereas the volume fractionf depends on the degree
of densification. Ashby16 points out that there are six distin-
guishable sintering mechanisms, all causing neck growth. In
contrast, only some of mechanisms lead to densification. Al-
though obtaining a general relationship betweena and f is
beyond the scope of this article, a few remarks are possible.
First, during the early stages of sintering there is only neck
growth while thef remains constant. Second, at later stages
of sintering, corresponding in the analysis toa→p/2, the
conductances;1. The effective conductivity is then ap-
proximately given aske5k f and the model reduces to the
law of mixtures. In almost fully dense sintered solids, the
porosity exists as isolated spheres and the effective thermal
conductivity is better described using Maxwell’s17 estimate
instead of the law of mixtures.
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